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ABSTRACT
We report on the properties of a sample of ultraviolet-luminous galaxies (UVLGs) selected by matching theGalaxy
Evolution Explorer (GALEX ) All-Sky Imaging andMedium Imaging Surveys with the Sloan Digital Sky Survey third
data release. The overlap between these two surveys is roughly 450 deg2. Of 25,362 galaxies (with SDSS spectroscopy)
in the range 0:0 < z < 0:3 detected byGALEX, there are 215 galaxieswith L > 2 ; 1010 L at 15308 (observedwave-
length). The properties of this population are well correlated with ultraviolet surface brightness. We find that the
galaxies with low UV surface brightness are primarily large spiral systems with a mixture of old and young stellar pop-
ulations, while the high surface brightness galaxies consist primarily of compact starburst systems,with an approximate
boundary at a surface brightness of I1530 ¼ 108 L kpc2. The large galaxies appear to be the high-luminosity tail of the
galaxy star formation function and owe their large luminosity to their large surface area. In terms of the behavior of
surface brightness with luminosity, size with luminosity, the mass-metallicity relation, and other parameters, the com-
pact UVLGs clearly depart from the trends established by the full sample of galaxies. The subset of compact UVLGs
with the highest surface brightness (I1530 > 10
9 L kpc2; ‘‘supercompact UVLGs’’) have characteristics that are re-
markably similar to Lyman break galaxies at higher redshift. They are muchmore luminous (and thus havemuch higher
star formation rates) than typical local ultraviolet-bright starburst galaxies and blue compact dwarf galaxies. They have
metallicities that are systematically lower than normal galaxies of the same stellar mass, indicating that they are less
chemically evolved. In all these respects, they are the best local analogs for Lyman break galaxies.
Subject headinggs: galaxies: evolution — galaxies: starburst — ultraviolet: galaxies
1. INTRODUCTION
Over the past decade enormous progress has beenmade toward
mapping the cosmological history of star formation in the uni-
verse (e.g., Madau et al. 1996; Giavalisco et al. 2004). This has
mainly been accomplished using large samples of high-redshift
galaxies selected by their rest-frame ultraviolet (UV) colors (e.g.,
Steidel et al. 1996, 2003; Dickinson et al. 2004). These surveys
indicate that the global star formation rate of the universe has been
in decline since z  1Y2 and was generally constant at higher red-
shift out to at least z ¼ 6 (Giavalisco et al. 2004).
This picture still contains some uncertainty resulting from
several factors. The star formation rate density at low redshift
(z ¼ 0Y1) has been determined through different techniques (e.g.,
H luminosity) than those used for higher redshift galaxies (e.g.,
rest-frame ultraviolet luminosity). These techniques are affected
differently by extinction and radiative transfer effects, and they
fundamentally probe star formation over different timescales.
One way around this problem is to obtain rest-frame ultravi-
olet (UV) measurements for a large sample of galaxies at low
redshift, enabling the measurement of star formation rates using
the same techniques that are used at higher redshift. This requires
a UV telescope in space with a large field of view, something that
has not been available until the Galaxy Evolution Explorer
(GALEX ) mission (Martin et al. 2005). GALEX is obtaining
UV fluxes for more than 107 galaxies in the redshift range of
0 < z < 2. Initial results on the UV luminosity density show
strong evolution from z ¼ 2 to 0, with the strongest evolution oc-
curring in the most UV-luminous galaxies (Schiminovich et al.
2005; Arnouts et al. 2005). The fraction of galaxies with L1530 >
0:2L;z¼3 fell by a factor of 30 from z ¼ 1 to 0 (using L;z¼3 ¼
6 ; 1010 L; Steidel et al. 1999).
These UV-luminous galaxies at high redshift are more com-
monly called Lyman break galaxies (LBGs; Steidel et al. 1999).
These high-redshift galaxies are so named because they are iden-
tified by the effects of the Lyman break on their broadband colors
(Steidel & Hamilton 1993). LBGs are UV-bright galaxies under-
going intense star formation with low to moderate stellar masses
(logM ¼ 9:5Y11:0 M) and are candidates for the precursors
of present-day elliptical galaxies (see, e.g., Giavalisco 2002).
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LBGs are common at z > 2, and they are clearly important as the
sites of a significant fraction of all the star formation in the uni-
verse. Since strong evolution hasmade objects like LBGs extremely
rare in the local universe, all of the information on this important
galaxy population has come from very distant samples, which are
inherently difficult to study. Thus, there has been little detailed in-
formation available on the processes driving the evolution of star
formation in the population of LBGs.
Using local UV-bright starbursts as local analogs to LBGs has
contributed significantly toward understanding these objects
(Heckman et al. 1998; Meurer et al. 1999). However, local star-
bursts differ from LBGs in important ways. Local starbursts are
usually dwarf galaxies or small (subkiloparsec) regions in the
nuclei of larger galaxies, while LBGs have typical sizes of a few
kiloparsecs (Ferguson et al. 2004). Luminous local starbursts are
usually very dusty systems in which only a small fraction of the
UV light escapes, while LBGs with similar bolometric lumi-
nosities (star formation rates) typically contain modest amounts
of dust (e.g., Reddy et al. 2006; Erb et al. 2006a). Given these dif-
ferences, it is not clear that the conditions in local starbursts or the
triggers of star formation are identical to those in LBGs, and so
there is a need for better LBG analogs in the local universe.
Since LBGs are found in part by their large UV luminosity,
LBG analogs in the local universe should also be UV-luminous.
The large-area UV sky surveys being carried out byGALEX pro-
vide an ideal data set for finding rare UV-luminous galaxies in
the local universe. Heckman et al. (2005, hereafter Paper I) de-
scribed the properties of the most UV-luminous galaxies (UVLGs)
in the local universe based on cross-matching the initial GALEX
surveys with the Sloan Digital Sky Survey (SDSS) first data
release (DR1; Abazajian et al. 2003). The UVLGs were composed
of two basic types of galaxies: large UVLGs, which are charac-
terized by lowerUVsurface brightness and highmass, and compact
UVLGs,which have higher UV surface brightness and lowermass.
Many of the compact UVLGs have properties very similar to those
of LBGs.
Although this sample was very illuminating, several questions
remain. The extent of the similarity between the compact UVLGs
and LBGs is a crucial question. More generally, it is not known
whether these galaxies are truly a distinct population of objects in
an earlier phase of evolution, i.e., remnants of the epoch of galaxy
formation, or whether they are simply the high end of the UV lu-
minosity function. Many of these questions could be better ad-
dressed if there weremore such galaxies available for study, sowe
present an analysis of a larger sample of UVLGs, based on more
recent GALEX and SDSS data.
2. DATA
2.1. Ultraviolet Data
Since its launch in 2003 April, GALEX has been conducting
several surveys of the UV sky. In this paper we make use of the
GALEX All-Sky Imaging Survey (AIS) and Medium-deep Im-
aging Survey (MIS). The data were taken from the first public
release of GALEX data (GR1) available at the Multimission Ar-
chive at Space Telescope (MAST). Details on the GALEX mis-
sion and surveys are given in Martin et al. (2005).
TheGALEX data include far-ultraviolet (FUV; keA ¼ 15288,
k ¼ 268 8) and near-ultraviolet (NUV; keA ¼ 2271 8,k ¼
7328) images with a circular field of viewwith radius380. The
spatial resolution is500. Details of theGALEX satellite and data
characteristics can be found in Morrissey et al. (2005).
The data were processed through the GALEX reduction pipe-
line at theCalifornia Institute of Technology. The pipeline reduces
the data and automatically detects, measures, and produces cata-
logs of FUVand NUV fluxes for sources in the GALEX images.
2.2. Optical Data
The GALEX catalogs were then matched to the SDSS third
data release (DR3; Abazajian et al. 2005) spectroscopic sample.
The area of the overlap region between GR1 and DR3 is about
450 deg2 (Bianchi et al. 2007). The SDSS catalog provides (among
many other available parameters) ugriz magnitudes, spectroscopic
redshifts, concentration parameters, observed half-light radii, and
model-fit exponential scale lengths. To be included in our final
matched catalog, we required that each source have a spectroscopic
redshift in the range 0 < z < 0:3 and that the SDSS source be
spectroscopically classified as a galaxy, excluding objects clas-
sified by the SDSS pipeline as QSOs or type I (broad line) active
galactic nuclei (AGNs). The resulting GR1/DR3 sample contains
25,362 galaxies. Of these, 18,463 have 3  FUV detections. The
remaining galaxies were detected in the NUV images only.
With the distances estimated from the SDSS redshift, the FUV
(andNUV) luminosity for each galaxy is known. FollowingPaper I,
galaxies with L1530 > 2 ; 1010 L qualify as UV-luminous gal-
axies13, where L1530 is the luminosity at the observedwavelength
of 15308. This luminosity is5L for z ¼ 0 (Wyder et al. 2005)
and 0.3L for LBGs at z ¼ 3 (Steidel et al. 1999). There are
235 galaxies in the GR1/DR3 sample that meet this criterion.We
then inspected the SDSS spectra of these galaxies to eliminate
broad-line (type I) AGNs that were missed by the SDSS pipe-
line, as well as objects with BL LacYtype spectra (UV-bright but
with weak or nonexistent emission lines). Type II AGNs in the
sample are discussed in x 4.4. The 215 galaxies that remain are
hereafter referred to as ultraviolet-luminous galaxies (UVLGs).
These galaxies span the redshift range from z ¼ 0:053 to 0.3.
A large number of galaxy parameters derived from the SDSS
spectra are available in the value-added catalogs produced by the
SDSS collaboration. These catalogs are available at the SDSSWeb
site14 at theMax Planck Institute. From these catalogs we use the
emission-line fluxes, widths, and derived metallicities. For more
information on the derivation of these parameters, see Kauffmann
et al. (2003a, 2003b, 2003c), Brinchmann et al. (2004), and
Tremonti et al. (2004). These catalogs do not include metallicities
for galaxies with an AGN contribution, since this can strongly af-
fect the line strengths, so only a subset of our sample have met-
allicity determinations. In addition, some galaxies have poor line
fluxmeasurements because the emission lines in the fiber aperture
are weak or nonexistent, e.g., in galaxies with no star formation
in the central region of the galaxy. Thus, line flux measurements
exist for only a subset of our sample.
2.3. Spectral Energy Distribution Modeling
To gain further information about the properties of the galaxies
in our sample, we compared the observed optical and UV proper-
ties of our sample to a library of model spectral energy distribu-
tions (SEDs), following Salim et al. (2005). This was done by first
constructing the broadband optical and UV SEDs from the SDSS
andGALEXmagnitudes. Each observed SEDwas then compared
to an extensive library of SEDs generated by the Bruzual&Charlot
(2003) population synthesis code. Each model galaxy is based on a
star formation history composed of an exponentially declining star
formation rate (SFR) with superimposed bursts of star formation
and includes the effects of attenuation by dust (see Charlot & Fall
2000). The library contains 105 models at each of five evenly
13 Throughout this paper we use H0 ¼ 70 km s1, m ¼ 0:3, and  ¼ 0:7.
14 See http://www.mpa-garching.mpg.de/SDSS.
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spaced redshifts from z ¼ 0:05 to 0.25, and the grid of models
was constructed to span the likely range of star formation histories.
The goodness of fit for a given model to an observed SED is
then translated to a probability that the parameters for that model
apply to the galaxy. Thus, the parameters of the best-fitting model
will have the highest probability, and a probability distribution can
be constructed for the entire library at the appropriate redshift.
From this the median and 95% confidence limits on each pa-
rameter can be determined. This was done for a list of parameters
including stellar mass and star formation rate over a range of
timescales. For more information on the SED fitting process, see
Salim et al. (2005). In this paper the stellar masses and star for-
mation rates were determined through SED fitting.
3. PROPERTIES OF THE GR1/DR3 GALAXY SAMPLE
The GALEX-SDSS matched catalog provides a valuable re-
source for studying the UV-optical properties of star-forming gal-
axies in the local universe. In a future paper we will report on the
analysis of the entire galaxy sample. Here we concentrate on the
relationship between UVLGs and the broader galaxy population.
The galaxy sample considered here should be nearly devoid
of unobscured (type I) AGNs, so the dominant source of the UV
light detected byGALEX is massive stars. The UV luminosity of
a galaxy therefore traces the total amount of star formation in
that galaxy over the past 108 yr (Martin et al. 2005).We also have
measurements of the sizes of these galaxies. Most of these gal-
axies are only marginally resolved in the GALEX images, so we
used the half-light radii measured on the higher resolution SDSS
images. The SDSS u band was chosen because it is the closest in
wavelength to theGALEX bands and therefore the most likely to
reflect the true spatial extent of star formation. In most cases we
use the scale length from the seeing-corrected exponential model
fit calculated by the SDSS pipeline as the half-light radius. How-
ever, for well-resolved galaxieswe found that the seeing-corrected
radius derived from the exponential model fits is systematically
larger than the directly observed half-light radius. We found that
this occurs for galaxies with half-light radii larger than about 2.200.
We thus use the observed u-band half-light radius as r50;u for
galaxies larger than 2.200, and the seeing-corrected scale length
as r50;u for galaxies smaller than 2.2
00. We can then calculate the
effective surface brightness by dividing one-half the luminos-
ity by the area of the galaxy enclosed by the half-light radius
(I1530 ¼ L1530/2r250;u).
Figure 1 shows a normalized contour plot of the FUV surface
brightness versus FUV luminosity for the 18,463 galaxies in the
GR1/DR3 sample that were detected in the FUV images. The lu-
minosity bins were normalized to have the same number of gal-
axies in each bin, thus clarifying the dependence of surface
brightness on luminosity by removing the effects of having a
smaller number of galaxies at the low- and high-luminosity ends
of the distribution.
The plot shows a well-defined trend of slightly increasing
surface brightnesswith increasing luminosity over the entire lumi-
nosity range. However, at the high luminosities corresponding to
theUVLGs there is an anomalous population of galaxies that defy
the general trend by having a much higher surface brightness than
would be expected given their luminosity. These galaxies have
I1530  108 L kpc2. Only among the UVLGs are galaxies with
the highest surface brightnesses (I1530  109 L kpc2) relatively
common.
Figure 2 shows the dependence of half-light radius on lumi-
nosity. The surface brightness parameter shown in Figure 1 depends
on the half-light radius, so Figure 2 is an alternative representation
of Figure 1. Over most of the range in luminosity the radius in-
creases with increasing luminosity. Above L1530 > 10
10 L there
is a group of galaxies that do not obey this trend in the sense that
they are too small for their luminosity. The dashed lines in Figure 2
are lines of constant I1530, and the galaxies responsible for this
deviation from the trend have I1530 > 10
9 L kpc2.
Fig. 1.—Normalized contour plot of the FUV surface brightness vs. FUV lu-
minosity for 18,463 galaxies in the GR1/DR3 sample with FUV detections. The
luminosity bins are normalized to have the same number of galaxies in each bin.
Each pair of contours represents a factor of 2 increase in the enclosed fraction of
galaxies in the luminosity bin that have surface brightness in a given range, with
the central pair of contours enclosing 84% of the galaxies in the luminosity bin
and the outer pair of contours enclosing 99.5% of the galaxies. FUV luminosity
(L1530) is defined as kPk at 1530 8 (observed wavelength). FUV surface bright-
ness is defined as I1530 ¼ L1530/(2r250;u), where r50;u is the SDSS u-band half-light
radius (corrected for seeing). The data points in this figure have been corrected for
Galactic foreground extinction but not for internal extinction. The dashed line
shows the region typically populated by LBGs.
Fig. 2.—Normalized contour plot of the u-band half-light radius vs. FUV
luminosity for 18,463 galaxies in the GR1/DR3 sample that have FUV detections.
The luminosity bins are normalized to have the same number of galaxies in each
bin. Countours are as in Fig. 1. The SDSS u-band half-light radius is derived from
an exponential model fit and includes a seeing correction. The dashed lines de-
note FUV surface brightness levels of I1530 ¼ 108 L kpc2 (upper line) and I1530 ¼
109 L kpc2 (lower line). The solid line shows the region typically populated by
LBGs. The data points in this figure have been corrected for Galactic foreground
extinction but not for internal extinction.
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These two figures show that in general galaxies with higher UV
luminosity are larger and have somewhat higher surface bright-
ness than their less luminous counterparts. At high luminosities,
however, some galaxies behave differently. They have small radii,
but this is more than compensated by their increased surface
brightness to put them among the most UV-luminous galaxies in
the sample. This is a strong indication that these UVLGs are dis-
tinct from the general galaxy population. By contrast, UVLGs
with lower surface brightness do not distinguish themselves from
the full sample of galaxies except by their luminosity. They appear
to be the largest and therefore most luminous normal galaxies.
Figure 3 shows how the UV surface brightness changes with
stellar mass, as determined from the SEDmodel fitting (Salim et al.
2005). In general, the stellar mass determined in this manner agrees
to within a factor of 2 with the dynamical mass calculated as
Mdyn ¼ 3:42gas r50;u/G, where gas is the standard deviation of
the gas velocity measured from the emission lines. The coefficient
3.4 was taken from Erb et al. (2006b) and represents a realistic es-
timate of the mass distribution for LBGs. The UV surface bright-
ness is relatively constant over a wide range of stellar masses and
then slowly falls above a mass of 1010.5M. This implies that the
more massive galaxies have correspondingly larger sizes over
which the young stellar population is distributed. The drop in
surface brightness above 1010.5 M may be related to the rela-
tively abrupt transition in the galaxy population at this mass scale
between young disk-dominated galaxies and old bulge-dominated
ones (e.g., Kauffmann et al. 2003b).
The points shown in Figure 3 are the locations of individual
UVLGs. Unlike the galaxy population as a whole, the UVLGs
show a clear inverse correlation between surface brightness and
mass.We have already pointed out that this fact indicates that the
more massive UVLGs owe their large luminosities to their large
mass. The less massive UVLGs have high UV surface brightnesses
indicative of intense star formation. Figure 3 shows how the
UVLGs relate to the rest of the sample in terms of mass (but keep
in mind that the contours are normalized by the number of gal-
axies in each mass bin). The UVLGs with I1530 < 10
8 L kpc2
are among themost massive star-forming galaxies in theGR1/DR3
sample, with logM  10:5 M. While these are the lower sur-
face brightness component of the UVLG sample, they are still
somewhat offset toward higher surface brightness than the full
sample (they are not low surface brightness galaxies). In the main,
their properties appear to be similar to those of large, disk galaxies
(they are the extrema of the population).
The UVLGs with I1530 > 10
8 L kpc2 are generally lower
mass systems (logM  10:5 M). They clearly stand out from
the full sample by having much higher surface brightness than
would be expected for normal galaxies of similar mass. This is
evenmore obvious for galaxies with I1530 > 10
9 L kpc2, which
would qualify as LBGs based on their FUV surface brightness.
Based on the analysis above, the UVLG population can be
thought of as two very different types of galaxies. The high sur-
face brightness systems (‘‘compact UVLGs’’) have high star
formation rates per unit area and would be called starburst gal-
axies, while the low surface brightness systems (‘‘large UVLGs’’)
are large spirals, with high rates of total star formation but low
rates of star formation per unit area. There is no clear transition
from one population to the other, but a surface brightness value
of I1530 ¼ 108 L kpc2 serves as a useful boundary. There are
intermediate cases that do not fit cleanly into either category.
Figure 3 shows that this surface brightness boundary corresponds
to a stellar mass of roughlyM ¼ 1010:5 M (similar to the mass
scale that divides the bimodal galaxy population as a whole; e.g.,
Kauffmann et al. 2003b). Using this criterion there are 110
large UVLGs and 105 compact UVLGs in the GR1/DR3 sample.
These two diverse populations were recognized in Paper I, but
we can now place them firmly in the context of the overall galaxy
population.
Throughout the rest of this paper we distinguish between large
and compact UVLGs. Note, however, that while the compact
UVLGs have the properties of intense starbursts, not all of them
have FUV surface brightnesses high enough to be considered
typical LBGs, which generally have I1530 > 10
9 L kpc2. We
consider the compact UVLGs that meet this more stringent sur-
face brightness criterion as possible LBG analogs, and we refer
to them as ‘‘supercompact UVLGs.’’ The GR1/DR3 sample con-
tains 35 supercompact UVLGs.
4. PROPERTIES OF ULTRAVIOLET-
LUMINOUS GALAXIES
Since the UVLG sample was chosen based on an ultraviolet lu-
minosity criterion, they are all expected to have high star forma-
tion rates. As in Paper I, the majority of UVLGs (83%) have
concentration parametersC < 2:6, whereC is defined asR90/R50,
the ratio of the radius containing 90% of the Petrosian r-band lu-
minosity to that containing 50%. These low concentration pa-
rameters are indicative of disk systems, as expected for a sample
of star-forming galaxies. Yet, as was made clear in the previous
section, UVLGs span a wide range of properties. In this section
we explore the properties of UVLGs. The properties of the 215
UVLGs are listed in Table 1.
4.1. Ultraviolet Surface Brightness
Figure 4 plots the FUV surface brightness of the 215 UVLGs
against the FUV luminosity. The galaxies were chosen to be lu-
minous, but they span a wide range in surface brightness, and
there is no correlation between luminosity and surface brightness.
Fig. 3.—Normalized contour plot of the FUV surface brightness vs. stellar
mass for the 18,463 galaxies in the GR1/DR3 sample that have FUV detections.
The stellar mass bins are normalized to have the same number of galaxies in each
bin. Each pair of contours represents a factor of 2 increase in the enclosed fraction
of galaxies in the mass bin that have surface brightness in a given range, with the
central pair of contours enclosing 84% of the galaxies in the mass bin and the outer
pair of contours enclosing 99.5% of the galaxies. The individual galaxies in the
UVLG sample are shown as points in the plot. The boundaries of mass and surface
brightness for typical LBGs are also shown in the figure, as is the boundary between
large and compact UVLGs.
HOOPES ET AL.444
T
A
B
L
E
1
U
V
L
G
S
a
m
pl
e
S
D
S
S
O
b
jI
D
(1
)
R
.A
.
(d
eg
)
(2
)
D
ec
l.
(d
eg
)
(3
)
R
ed
sh
if
t
(4
)
lo
g
L
1
5
3
0
(L
)
(5
)
r 5
0
;u
(k
p
c)
(6
)
lo
g
I 1
5
3
0
(L

k
p
c
2
)
(7
)
F
U
V
(m
ag
)
(8
)
N
U
V
(m
ag
)
(9
)
A
1
5
3
0
(m
ag
)
(1
0
)
lo
g
M

(M
)
(1
1
)
lo
g
S
F
R
(M

y
r
1
)
(1
2
)
1
2
þ
lo
g
(O
/H
)
(1
3
)
5
8
7
7
3
1
1
8
7
8
1
4
6
2
9
5
0
4
..
..
..
..
..
..
..
..
..
0
.2
0
1
2
8
1
.1
5
6
7
5
0
.2
5
0
1
0
.3
4
3
.1
3
8
.5
5
2
0
.5
1

0
.2
5
2
0
.1
6

0
.1
5
0
.8
0
1
0
.0
8
1
.0
3
8
.8
9
5
8
8
0
1
5
5
0
8
1
9
6
2
9
4
7
8
6
..
..
..
..
..
..
..
..
..
1
.4
6
6
3
2
0
.7
3
5
2
1
0
.1
3
4
1
0
.3
4
9
.6
2
7
.5
8
1
9
.0
2

0
.2
8
2
0
.0
9

0
.2
6
3
.2
5
1
0
.7
6
0
.7
6
..
.
5
8
8
0
1
5
5
0
7
6
5
9
5
5
4
9
1
6
..
..
..
..
..
..
..
..
..
1
.7
7
3
9
1
1
.0
7
1
2
4
0
.2
8
8
1
0
.5
1
5
.1
4
8
.2
9
2
0
.4
4

0
.2
5
2
0
.3
4

0
.1
7
1
.5
1
1
0
.6
7
1
.4
4
8
.8
9
5
8
7
7
3
1
1
8
5
1
3
11
9
2
5
4
7
..
..
..
..
..
..
..
..
..
2
.4
0
2
0
3
0
.8
4
2
0
6
0
.1
6
1
1
0
.4
2
7
.6
9
7
.8
5
1
9
.2
6

0
.1
5
1
8
.8
7

0
.0
8
2
.2
6
1
0
.5
6
0
.6
0
9
.0
2
5
8
7
7
2
7
2
2
5
1
5
4
3
0
6
1
7
1
..
..
..
..
..
..
..
..
..
2
.4
5
3
3
0
1
1
.0
3
5
1
8
0
.2
11
1
0
.3
5
4
.1
3
8
.3
2
2
0
.0
8

0
.2
2
1
9
.5
5

0
.1
0
1
.4
2
9
.9
8
1
.0
7
8
.6
7
5
8
8
0
1
5
5
0
8
1
9
6
7
5
3
4
7
9
..
..
..
..
..
..
..
..
..
2
.5
4
1
5
7
0
.7
6
7
6
5
0
.2
4
3
1
0
.4
5
1
.3
8
9
.3
7
2
0
.1
9

0
.2
3
1
9
.8
6

0
.1
5
1
.0
0
1
0
.4
3
1
.1
8
8
.7
4
5
8
8
0
1
5
5
1
0
3
4
4
3
0
2
6
4
6
..
..
..
..
..
..
..
..
..
2
.7
8
6
8
1
0
.8
4
5
4
4
0
.1
0
8
1
0
.5
4
3
.2
4
8
.7
2
1
8
.0
2

0
.0
8
1
7
.8
7

0
.0
4
0
.3
7
9
.7
6
1
.7
1
8
.7
1
5
8
8
0
1
5
5
0
9
2
7
0
6
2
6
5
3
7
..
..
..
..
..
..
..
..
..
2
.8
6
0
6
5
0
.0
6
7
5
4
0
.2
11
1
0
.3
6
6
.5
5
7
.9
3
2
0
.0
7

0
.2
2
1
9
.8
6

0
.1
1
2
.9
6
1
0
.6
2
1
.1
5
9
.0
2
5
8
7
7
2
7
2
2
5
1
5
4
7
6
4
9
4
0
..
..
..
..
..
..
..
..
..
3
.4
3
8
2
4
1
0
.9
3
6
5
8
0
.2
4
6
1
0
.5
7
1
2
.5
2
7
.5
8
1
9
.9
0

0
.0
8
1
9
.2
7

0
.0
3
2
.3
5
1
0
.9
9
1
.2
0
9
.0
6
5
8
7
7
2
7
2
2
5
1
5
4
9
6
1
5
8
3
..
..
..
..
..
..
..
..
..
3
.9
9
7
5
7
1
1
.0
2
5
9
0
0
.2
6
7
1
0
.4
0
2
3
.6
8
6
.8
5
2
0
.5
3

0
.0
7
1
9
.9
9

0
.0
3
2
.2
1
1
1
.6
2
0
.9
5
..
.
5
8
7
7
3
1
1
8
5
1
3
2
1
0
9
8
2
6
..
..
..
..
..
..
..
..
..
4
.3
6
7
8
9
0
.9
4
0
2
7
0
.0
9
4
1
0
.3
2
2
.7
0
8
.6
6
1
8
.2
5

0
.0
9
1
7
.9
2

0
.0
5
1
.7
3
1
0
.7
4
1
.2
5
8
.9
6
5
8
7
7
3
1
1
8
5
1
3
2
2
4
1
0
4
8
..
..
..
..
..
..
..
..
..
4
.7
8
1
4
7
0
.8
7
7
1
1
0
.1
8
7
1
0
.4
2
4
.1
3
8
.3
9
1
9
.6
3

0
.1
7
1
9
.3
5

0
.1
0
1
.3
7
1
0
.2
8
1
.3
5
8
.8
9
5
8
7
7
2
7
2
2
7
3
0
4
4
7
6
7
7
1
..
..
..
..
..
..
..
..
..
8
.6
0
3
9
7
9
.1
9
8
7
7
0
.1
6
4
1
0
.4
7
8
.9
8
7
.7
7
1
9
.1
7

0
.0
4
1
9
.5
7

0
.0
4
1
.7
0
1
0
.7
6
0
.4
5
..
.
5
8
7
7
2
7
1
8
0
6
0
0
7
0
5
1
6
9
..
..
..
..
..
..
..
..
..
8
.7
1
9
4
6
9
.0
2
8
2
0
0
.1
4
4
1
0
.3
8
1
0
.4
0
7
.5
5
1
9
.0
9

0
.1
4
1
8
.8
3

0
.0
7
2
.2
7
1
0
.2
7
0
.6
6
8
.9
6
5
8
7
7
2
7
1
7
7
9
1
6
4
1
6
1
0
8
..
..
..
..
..
..
..
..
..
8
.8
4
8
4
2
1
1
.1
2
9
4
5
0
.1
2
3
1
0
.3
3
9
.9
8
7
.5
3
1
8
.8
3

0
.0
3
2
0
.1
9

0
.0
3
2
.8
5
1
0
.4
4
0
.1
3
..
.
5
8
7
7
2
4
1
9
8
8
1
2
0
5
7
6
7
8
..
..
..
..
..
..
..
..
..
9
.0
6
9
3
4
1
5
.0
4
2
8
4
0
.1
1
9
1
0
.6
3
3
.9
9
8
.6
3
1
8
.0
2

0
.0
3
..
.
1
.9
1
1
0
.6
1
0
.2
1
9
.1
1
5
8
7
7
2
7
2
2
5
1
5
7
3
8
6
3
3
4
..
..
..
..
..
..
..
..
..
9
.5
8
8
1
8
1
0
.8
8
6
6
0
0
.1
8
4
1
0
.5
2
9
.2
6
7
.7
9
1
9
.3
4

0
.1
5
1
9
.1
3

0
.0
8
2
.1
8
1
0
.7
7
1
.0
6
8
.9
4
5
8
7
7
2
4
1
9
9
3
4
9
3
8
7
4
1
1
..
..
..
..
..
..
..
..
..
1
0
.2
2
6
3
5
1
5
.5
6
9
3
8
0
.2
8
3
1
0
.4
3
1
.7
2
9
.1
6
2
0
.6
2

0
.0
8
2
1
.0
3

0
.0
5
0
.1
3
9
.1
8
0
.4
1
8
.2
3
5
8
7
7
2
4
1
9
9
3
4
9
5
1
8
5
5
8
..
..
..
..
..
..
..
..
..
1
0
.5
2
3
5
2
1
5
.3
6
5
9
9
0
.2
5
9
1
0
.3
2
1
3
.8
1
7
.2
4
2
0
.6
6

0
.1
0
2
0
.2
8

0
.0
4
9
.2
0
1
1
.2
7
0
.9
1
..
.
5
8
8
0
1
5
5
0
9
2
7
4
1
6
5
4
4
2
..
..
..
..
..
..
..
..
..
1
0
.9
4
7
6
3
0
.0
5
9
6
0
0
.2
1
3
1
0
.8
3
1
3
.0
8
7
.8
0
1
8
.9
2

0
.1
1
1
8
.9
4

0
.0
8
0
.6
3
1
1
.2
4
0
.8
4
..
.
5
8
7
7
2
4
1
9
9
3
4
9
7
8
0
6
4
8
..
..
..
..
..
..
..
..
..
1
1
.1
9
7
2
2
1
5
.4
8
6
6
2
0
.2
2
7
1
0
.5
6
2
.3
0
9
.0
4
1
9
.7
5

0
.0
5
1
9
.5
2

0
.0
3
..
.
1
0
.7
1
1
.3
9
..
.
5
8
8
0
1
5
5
1
0
3
4
8
1
6
9
3
7
1
..
..
..
..
..
..
..
..
..
1
1
.6
11
5
7
0
.8
6
5
4
6
0
.1
6
6
1
0
.4
2
2
.8
6
8
.7
1
1
9
.3
4

0
.1
4
1
8
.7
4

0
.0
6
1
.3
1
1
0
.4
1
1
.1
3
8
.6
0
5
8
7
7
2
4
2
3
3
7
1
2
1
4
0
3
9
9
..
..
..
..
..
..
..
..
..
1
1
.6
9
4
6
7
1
5
.7
2
7
7
4
0
.1
8
1
1
0
.4
3
9
.2
8
7
.7
0
1
9
.5
2

0
.0
5
1
9
.1
6

0
.0
2
3
.4
1
1
1
.1
0
1
.0
6
9
.2
7
5
8
7
7
2
4
2
3
2
1
0
1
7
2
4
2
8
3
..
..
..
..
..
..
..
..
..
1
2
.1
9
1
0
3
1
4
.4
4
1
4
8
0
.2
7
8
1
0
.4
0
4
.0
4
8
.3
9
2
0
.6
4

0
.3
1
2
0
.4
6

0
.2
1
1
.9
7
1
1
.0
0
1
.9
2
..
.
5
8
8
0
1
5
5
0
8
7
3
8
5
3
9
5
9
6
..
..
..
..
..
..
..
..
..
1
3
.8
6
4
4
3
0
.3
6
3
5
5
0
.1
6
7
1
0
.4
9
0
.8
0
9
.8
9
1
9
.1
9

0
.1
4
1
8
.7
2

0
.0
7
..
.
1
0
.0
7
1
.1
8
..
.
5
8
7
7
2
7
1
7
9
5
2
9
3
2
2
5
6
4
..
..
..
..
..
..
..
..
..
1
4
.1
4
7
2
3
9
.8
2
3
0
8
0
.1
8
9
1
0
.5
8
4
.7
4
8
.4
3
1
9
.2
3

0
.0
4
..
.
0
.0
0
1
1
.0
8
0
.5
7
9
.0
1
5
8
7
7
3
1
1
8
7
2
8
3
8
5
3
3
8
6
..
..
..
..
..
..
..
..
..
1
4
.1
9
6
0
9
0
.6
4
6
8
0
0
.2
1
8
1
0
.4
3
2
.3
8
8
.8
8
1
9
.9
6

0
.2
0
1
9
.3
0

0
.1
2
1
.3
8
1
0
.0
2
0
.9
2
8
.6
5
5
8
7
7
2
4
2
3
4
2
5
0
2
5
6
5
4
5
..
..
..
..
..
..
..
..
..
1
4
.6
9
2
0
3
1
6
.0
3
5
7
8
0
.2
4
3
1
0
.3
6
4
.1
8
8
.3
2
2
0
.4
1

0
.2
8
1
9
.7
6

0
.1
6
1
.4
7
1
0
.1
7
0
.7
8
8
.7
2
5
8
7
7
2
4
1
9
9
8
8
8
2
8
9
9
6
1
..
..
..
..
..
..
..
..
..
1
4
.9
8
4
0
5
1
5
.6
4
5
9
8
0
.1
4
4
1
1
.1
6
1
1
.2
4
8
.2
6
1
7
.1
4

0
.0
2
1
9
.1
1

0
.0
2
1
.9
9
1
0
.9
4
0
.5
3
..
.
5
8
7
7
2
4
1
9
7
2
0
4
1
3
2
1
0
5
..
..
..
..
..
..
..
..
..
1
5
.3
6
0
7
4
1
3
.5
4
6
0
1
0
.2
2
3
1
0
.5
1
1
1
.2
8
7
.6
1
1
9
.8
2

0
.2
0
1
9
.7
2

0
.1
5
1
0
.4
4
1
1
.1
0
0
.6
9
..
.
5
8
7
7
2
4
1
9
8
8
1
4
8
1
0
2
6
2
..
..
..
..
..
..
..
..
..
1
5
.6
1
2
4
1
1
4
.9
1
0
6
2
0
.0
8
6
1
0
.3
3
1
.6
8
9
.0
8
1
8
.0
0

0
.0
3
..
.
0
.6
6
9
.9
3
0
.2
9
8
.8
9
5
8
7
7
3
1
5
11
5
3
0
8
1
5
6
3
7
..
..
..
..
..
..
..
..
..
1
6
.0
3
3
5
7
0
.8
4
2
1
9
0
.2
0
7
1
0
.3
8
4
.0
8
8
.3
6
1
9
.9
6

0
.2
3
1
9
.2
9

0
.0
9
0
.8
0
1
0
.0
9
1
.4
4
8
.7
8
5
8
8
0
1
5
5
0
9
2
7
6
5
9
0
3
1
5
..
..
..
..
..
..
..
..
..
1
6
.5
6
3
6
9
0
.1
2
7
9
8
0
.2
2
0
1
0
.4
1
8
.6
9
7
.7
3
2
0
.0
4

0
.2
2
1
9
.9
4

0
.1
2
1
.8
3
1
0
.8
6
0
.7
8
9
.1
1
5
8
7
7
3
1
5
1
4
2
1
5
4
9
7
8
2
0
..
..
..
..
..
..
..
..
..
1
6
.7
0
5
7
8
1
.0
5
6
2
2
0
.2
5
3
1
0
.9
5
5
.0
2
8
.7
5
1
9
.0
4

0
.1
4
1
9
.6
9

0
.1
1
1
.4
3
1
1
.7
0
2
.4
1
..
.
5
8
7
7
3
1
5
1
4
2
1
5
4
9
7
8
7
8
..
..
..
..
..
..
..
..
..
1
6
.8
0
9
4
9
1
.1
5
8
6
9
0
.1
5
9
1
0
.3
4
6
.8
2
7
.8
7
1
9
.4
3

0
.1
7
1
9
.5
5

0
.1
0
2
.0
1
1
0
.7
8
0
.9
1
9
.1
4
5
8
7
7
2
4
1
9
7
2
0
4
9
8
3
8
8
6
..
..
..
..
..
..
..
..
..
1
7
.3
1
4
5
0
1
3
.4
3
4
3
8
0
.1
8
4
1
0
.5
5
1
2
.5
8
7
.5
5
1
9
.2
5

0
.1
6
1
9
.0
2

0
.0
9
..
.
1
1
.4
8
1
.6
3
..
.
5
8
7
7
2
4
2
3
3
1
7
8
8
0
8
4
8
3
..
..
..
..
..
..
..
..
..
2
0
.1
4
1
6
9
1
4
.7
7
6
0
5
0
.1
3
0
1
0
.4
8
1
1
.9
1
7
.5
3
1
8
.6
1

0
.0
3
..
.
3
.2
6
1
1
.0
7
0
.5
3
..
.
5
8
7
7
2
4
2
3
3
1
7
9
3
3
2
7
6
6
..
..
..
..
..
..
..
..
..
2
1
.2
5
8
1
0
1
4
.6
3
6
1
8
0
.1
5
3
1
0
.3
7
8
.5
2
7
.7
1
1
9
.2
6

0
.0
4
1
8
.8
1

0
.0
2
2
.6
3
1
1
.1
2
1
.2
3
..
.
5
8
7
7
2
7
1
8
0
0
6
9
4
0
4
7
7
3
..
..
..
..
..
..
..
..
..
2
1
.5
4
1
0
4
9
.1
2
9
7
3
0
.2
6
3
1
0
.3
8
3
0
.6
3
6
.6
1
2
0
.5
5

0
.0
7
2
0
.0
8

0
.0
5
2
.2
3
1
1
.7
0
0
.9
9
..
.
5
8
7
7
2
7
1
7
8
4
6
0
4
9
6
0
0
0
..
..
..
..
..
..
..
..
..
2
5
.5
9
8
7
7
1
0
.1
8
9
5
2
0
.1
2
8
1
0
.4
1
3
.4
7
8
.5
3
1
8
.7
2

0
.0
3
1
8
.4
1

0
.0
1
0
.5
6
9
.5
6
0
.5
5
8
.6
7
5
8
7
7
2
4
2
3
3
1
8
1
4
2
9
9
1
4
..
..
..
..
..
..
..
..
..
2
6
.2
6
9
5
6
1
4
.2
5
2
7
9
0
.1
7
2
1
0
.3
6
9
.8
4
7
.5
8
1
9
.5
7

0
.0
5
1
9
.3
6

0
.0
2
0
.0
0
1
1
.1
4
0
.2
0
..
.
5
8
7
7
2
7
2
2
9
4
4
9
3
3
8
9
8
3
..
..
..
..
..
..
..
..
..
2
6
.8
0
1
4
4
1
0
.2
1
1
5
5
0
.1
9
8
1
0
.3
5
1
4
.6
2
7
.2
2
1
9
.9
2

0
.0
5
1
9
.3
1

0
.0
2
0
.0
0
1
1
.0
6
0
.8
6
..
.
5
8
7
7
2
4
2
3
2
6
4
4
8
2
1
0
9
8
..
..
..
..
..
..
..
..
..
2
6
.8
1
5
5
4
1
3
.9
1
0
4
9
0
.1
9
3
1
0
.4
7
3
.2
1
8
.6
6
1
9
.5
8

0
.0
5
1
9
.0
3

0
.0
2
0
.4
8
1
0
.0
8
1
.4
4
8
.7
0
5
8
7
7
2
4
1
9
7
7
4
6
1
8
0
1
8
6
..
..
..
..
..
..
..
..
..
2
7
.6
1
8
3
1
1
3
.1
4
9
5
8
0
.1
4
7
1
0
.6
2
1
.6
6
9
.3
8
1
8
.5
5

0
.0
3
1
8
.2
6

0
.0
2
1
.2
6
1
0
.4
2
0
.9
1
8
.8
7
5
8
7
7
2
4
2
3
2
1
0
8
4
0
9
0
0
1
..
..
..
..
..
..
..
..
..
2
7
.8
5
8
2
8
1
3
.4
1
9
6
5
0
.2
4
3
1
0
.5
2
1
.5
3
9
.3
5
2
0
.0
0

0
.0
6
1
9
.5
3

0
.0
3
1
.1
9
1
0
.5
2
1
.2
9
8
.9
8
5
8
7
7
2
4
1
9
7
7
4
6
3
7
6
8
3
9
..
..
..
..
..
..
..
..
..
2
7
.9
5
2
7
4
1
3
.1
9
7
4
7
0
.1
9
1
1
0
.6
0
7
.5
8
8
.0
4
1
9
.2
1

0
.0
5
..
.
2
.2
1
1
1
.3
2
0
.0
1
..
.
T
A
B
L
E
1
—
C
o
n
ti
n
u
ed
S
D
S
S
O
b
jI
D
(1
)
R
.A
.
(d
eg
)
(2
)
D
ec
l.
(d
eg
)
(3
)
R
ed
sh
if
t
(4
)
lo
g
L
1
5
3
0
(L
)
(5
)
r 5
0
;u
(k
p
c)
(6
)
lo
g
I 1
5
3
0
(L

k
p
c
2
)
(7
)
F
U
V
(m
ag
)
(8
)
N
U
V
(m
ag
)
(9
)
A
1
5
3
0
(m
ag
)
(1
0
)
lo
g
M

(M
)
(1
1
)
lo
g
S
F
R
(M

y
r
1
)
(1
2
)
1
2
þ
lo
g
(O
/H
)
(1
3
)
5
8
7
7
2
4
2
3
3
7
2
0
0
0
4
9
4
0
..
..
..
..
..
..
..
..
..
3
0
.3
2
1
2
7
1
4
.3
3
1
4
4
0
.2
8
5
1
0
.3
4
5
4
.4
9
6
.0
7
2
0
.8
6

0
.0
9
1
9
.9
1

0
.0
3
3
.5
5
11
.1
0
0
.0
7
9
.1
0
5
8
7
7
2
4
1
9
8
8
2
2
2
1
5
8
0
5
..
..
..
..
..
..
..
..
..
3
2
.9
8
1
3
3
1
3
.4
7
3
0
5
0
.1
4
9
1
0
.3
3
1
4
.7
4
7
.2
0
1
9
.3
0

0
.0
5
1
8
.8
3

0
.0
2
1
.7
9
11
.2
3
0
.9
0
..
.
5
8
7
7
2
4
2
3
2
6
4
7
5
0
8
1
1
6
..
..
..
..
..
..
..
..
..
3
3
.0
9
6
6
0
1
3
.2
0
8
0
5
0
.1
3
4
1
0
.3
4
1
3
.9
5
7
.2
5
1
9
.0
2

0
.0
4
1
8
.5
9

0
.0
2
3
.7
5
11
.2
1
0
.9
9
..
.
5
8
7
7
2
4
1
9
8
2
8
5
5
4
1
4
3
5
..
..
..
..
..
..
..
..
..
3
3
.4
5
2
2
3
1
2
.9
9
7
6
6
0
.2
1
9
1
0
.5
8
0
.8
5
9
.9
2
1
9
.5
9

0
.0
6
1
8
.7
2

0
.0
2
2
.4
8
1
0
.6
8
1
.3
5
..
.
5
8
7
7
3
1
5
11
5
3
8
7
4
5
4
3
7
..
..
..
..
..
..
..
..
..
3
4
.1
3
1
9
2
1
.0
2
4
5
4
0
.1
6
7
1
0
.3
9
3
.4
3
8
.5
2
1
9
.4
1

0
.1
6
1
8
.8
8

0
.0
7
1
.4
4
1
0
.3
4
1
.5
1
8
.8
5
5
8
7
7
2
7
1
7
9
5
4
0
4
6
3
7
5
1
..
..
..
..
..
..
..
..
..
3
9
.8
5
7
3
3
8
.1
4
1
0
7
0
.1
8
4
1
0
.9
9
1
3
.2
1
7
.9
5
1
8
.1
6

0
.0
3
1
8
.7
1

0
.0
1
6
.0
2
11
.4
0
0
.0
6
..
.
5
8
7
7
2
7
1
7
9
5
4
0
5
9
4
7
3
2
..
..
..
..
..
..
..
..
..
4
0
.1
4
3
4
7
8
.1
5
6
8
6
0
.1
7
7
1
0
.3
1
5
.7
7
7
.9
9
1
9
.7
4

0
.0
5
1
9
.2
7

0
.0
2
1
.3
6
1
0
.5
1
0
.7
6
9
.0
0
5
8
7
7
2
4
2
4
1
2
2
6
4
9
8
1
3
9
..
..
..
..
..
..
..
..
..
4
1
.3
7
3
1
4
8
.2
7
7
1
8
0
.1
9
5
1
0
.4
1
1
.6
6
9
.1
7
1
9
.7
4

0
.0
5
1
9
.0
8

0
.0
3
1
.3
9
1
0
.3
6
1
.3
6
8
.8
3
5
8
7
7
2
4
2
4
0
1
5
3
0
1
8
5
5
8
..
..
..
..
..
..
..
..
..
4
2
.1
8
7
8
0
8
.9
6
8
6
8
0
.2
3
8
1
0
.7
3
2
0
.1
7
7
.3
2
1
9
.4
2

0
.0
4
1
9
.2
8

0
.0
3
2
.3
3
1
0
.9
9
0
.9
8
9
.0
0
5
8
7
7
2
4
2
4
1
2
2
6
8
9
1
4
1
3
..
..
..
..
..
..
..
..
..
4
2
.3
8
9
0
8
8
.0
9
7
0
7
0
.2
7
0
11
.1
1
2
4
.9
1
7
.5
2
1
8
.7
7

0
.0
3
1
8
.6
3

0
.0
2
2
.0
3
1
0
.7
3
1
.7
8
8
.6
1
5
8
7
7
3
1
5
11
5
4
3
4
6
4
0
7
6
..
..
..
..
..
..
..
..
..
4
4
.9
5
4
0
0
0
.9
6
6
7
8
0
.2
9
3
1
0
.5
9
5
.1
4
8
.3
7
2
0
.3
0

0
.2
3
1
9
.4
7

0
.1
1
1
.9
5
1
0
.9
6
1
.9
3
8
.8
7
5
8
8
0
1
5
5
0
9
8
2
5
9
7
8
5
4
0
..
..
..
..
..
..
..
..
..
4
5
.1
3
4
1
5
0
.5
1
7
3
2
0
.1
7
0
1
0
.3
8
3
.3
6
8
.5
3
1
9
.4
8

0
.1
4
1
9
.7
6

0
.1
1
2
.6
1
1
0
.8
4
1
.0
0
..
.
5
8
7
7
2
7
1
8
0
6
1
6
6
9
5
9
0
2
..
..
..
..
..
..
..
..
..
4
5
.5
3
3
3
8
6
.6
3
5
0
4
0
.1
8
0
1
0
.4
2
1
2
.4
6
7
.4
3
1
9
.5
2

0
.2
0
1
9
.1
8

0
.1
0
1
.6
2
1
0
.9
4
0
.8
5
8
.8
7
5
8
7
7
2
7
1
7
9
5
4
3
7
4
0
5
9
2
..
..
..
..
..
..
..
..
..
4
7
.4
4
8
3
4
7
.3
3
5
6
6
0
.1
9
6
1
0
.4
3
4
.9
6
8
.2
4
1
9
.7
1

0
.0
6
1
9
.5
8

0
.0
3
2
.2
6
1
0
.5
8
0
.9
5
9
.0
6
5
8
7
7
2
4
2
4
1
7
6
6
1
8
7
1
0
9
..
..
..
..
..
..
..
..
..
4
7
.8
4
8
3
4
7
.0
0
0
8
8
0
.2
2
6
1
0
.4
4
1
1
.4
5
7
.5
2
2
0
.0
2

0
.0
6
1
9
.7
6

0
.0
3
2
.1
4
11
.3
3
0
.8
3
8
.9
8
5
8
7
7
2
4
2
4
1
2
2
9
6
4
3
8
9
7
..
..
..
..
..
..
..
..
..
4
8
.6
1
7
7
8
7
.4
2
1
6
2
0
.2
0
8
1
0
.3
2
2
.0
2
8
.9
1
2
0
.1
2

0
.0
8
2
0
.0
9

0
.0
4
0
.7
8
1
0
.4
6
0
.2
9
..
.
5
8
7
7
2
4
2
4
0
1
5
6
3
6
0
8
3
4
..
..
..
..
..
..
..
..
..
4
9
.8
1
0
6
0
8
.0
6
9
7
9
0
.1
2
5
1
0
.5
0
3
.2
1
8
.6
9
1
8
.4
5

0
.1
2
1
8
.2
5

0
.0
7
1
.7
9
1
0
.2
9
1
.0
0
8
.8
8
5
8
7
7
3
1
5
11
5
4
5
9
5
4
4
9
8
..
..
..
..
..
..
..
..
..
5
0
.6
1
6
0
9
1
.0
3
6
5
8
0
.1
9
4
1
0
.3
1
1
4
.1
6
7
.2
1
1
9
.9
8

0
.2
8
2
0
.1
9

0
.3
0
2
.9
4
1
0
.9
4
0
.5
1
..
.
5
8
7
7
3
1
5
1
4
2
3
0
5
7
11
4
8
..
..
..
..
..
..
..
..
..
5
1
.2
1
3
4
6
1
.1
1
8
2
3
0
.1
5
0
1
0
.3
1
1
2
.8
4
7
.2
9
1
9
.3
5

0
.2
0
1
9
.2
4

0
.2
0
1
.1
0
11
.0
3
0
.3
1
..
.
5
8
8
0
1
5
5
1
0
3
6
5
6
0
2
0
0
4
..
..
..
..
..
..
..
..
..
5
1
.3
4
7
7
9
0
.9
6
6
3
3
0
.2
1
2
1
0
.3
3
1
2
.4
1
7
.3
4
2
0
.1
5

0
.2
9
2
0
.3
0

0
.2
6
0
.5
3
11
.2
1
0
.8
0
9
.3
1
5
8
7
7
3
1
5
1
2
0
8
3
4
1
5
2
1
3
..
..
..
..
..
..
..
..
..
5
1
.9
8
4
7
6
0
.4
7
1
7
6
0
.1
6
2
1
0
.5
4
4
.5
3
8
.4
3
1
8
.9
7

0
.1
6
1
8
.6
2

0
.0
9
0
.9
0
1
0
.2
9
1
.6
4
8
.8
3
5
8
7
7
3
1
5
1
2
6
2
0
3
5
1
6
5
3
..
..
..
..
..
..
..
..
..
5
2
.0
9
5
7
1
0
.1
3
2
9
4
0
.2
0
5
1
0
.3
1
3
.3
2
8
.4
7
2
0
.1
2

0
.3
0
1
9
.7
0

0
.1
8
0
.8
1
9
.9
5
1
.2
8
8
.8
5
5
8
7
7
3
1
5
1
4
2
3
1
0
2
9
8
8
3
..
..
..
..
..
..
..
..
..
5
2
.1
9
1
6
6
1
.1
9
7
4
4
0
.1
4
2
1
0
.3
9
1
.7
4
9
.1
1
1
9
.0
4

0
.1
7
1
9
.0
5

0
.1
2
0
.4
8
9
.7
4
1
.1
9
8
.7
8
5
8
7
7
2
4
2
4
2
3
0
5
2
8
6
4
0
2
..
..
..
..
..
..
..
..
..
5
2
.9
3
4
3
9
5
.9
3
5
9
3
0
.2
4
7
1
0
.5
2
2
.7
6
8
.8
4
2
0
.0
3

0
.0
6
1
9
.6
0

0
.0
4
0
.3
3
9
.7
9
1
.3
1
8
.6
1
5
8
7
7
3
1
5
1
3
6
9
4
6
1
7
7
6
8
..
..
..
..
..
..
..
..
..
5
3
.2
2
8
9
2
0
.6
4
2
2
9
0
.2
2
7
1
0
.5
4
1
2
.3
3
7
.5
6
1
9
.7
8

0
.2
4
1
9
.4
2

0
.1
7
1
.5
1
11
.1
4
0
.8
9
9
.0
2
5
8
8
0
1
5
5
0
9
2
9
2
7
1
2
1
9
5
..
..
..
..
..
..
..
..
..
5
3
.3
4
5
5
1
0
.0
9
8
7
6
0
.1
7
8
1
0
.4
9
8
.3
0
7
.8
5
1
9
.3
2

0
.1
7
..
.
4
.5
6
11
.0
3
0
.5
7
..
.
5
8
7
7
3
1
5
1
4
2
3
1
7
5
0
8
0
3
..
..
..
..
..
..
..
..
..
5
3
.8
7
2
6
6
1
.2
4
9
7
4
0
.1
7
1
1
0
.4
8
6
.9
6
8
.0
0
1
9
.2
5

0
.2
1
1
9
.9
3

0
.2
4
1
.4
9
1
0
.6
3
0
.6
8
9
.1
4
5
8
7
7
3
1
5
1
4
2
3
2
1
4
4
0
1
6
..
..
..
..
..
..
..
..
..
5
4
.7
7
9
8
5
1
.1
6
5
9
8
0
.1
8
2
1
0
.3
6
6
.4
0
7
.9
5
1
9
.7
1

0
.2
5
2
0
.0
3

0
.3
1
2
.3
3
1
0
.8
9
0
.6
8
9
.0
3
5
8
7
7
3
1
5
1
4
2
3
2
1
4
4
0
2
8
..
..
..
..
..
..
..
..
..
5
4
.8
0
1
9
3
1
.1
3
9
9
2
0
.2
6
1
1
0
.6
2
3
.6
0
8
.7
1
1
9
.9
4

0
.2
7
1
9
.6
4

0
.1
8
2
.0
5
1
0
.9
0
1
.1
5
9
.0
7
5
8
8
0
1
5
5
1
0
3
6
7
2
4
0
3
1
3
..
..
..
..
..
..
..
..
..
5
5
.0
9
0
6
6
0
.9
2
7
3
2
0
.2
5
3
1
0
.3
6
5
.7
0
8
.0
5
2
0
.5
2

0
.3
0
1
9
.7
5

0
.2
0
1
.4
3
1
0
.5
9
1
.0
7
9
.0
3
5
8
7
7
3
1
5
1
3
1
5
8
9
9
1
9
8
9
..
..
..
..
..
..
..
..
..
5
6
.0
9
6
0
7
0
.3
9
6
3
8
0
.2
1
9
1
0
.3
2
4
.0
4
8
.3
1
2
0
.2
5

0
.3
0
1
9
.7
8

0
.1
4
1
.5
3
1
0
.3
3
1
.6
0
8
.8
2
5
8
7
7
2
4
2
4
2
3
0
7
1
2
1
3
0
9
..
..
..
..
..
..
..
..
..
5
7
.0
3
2
1
0
5
.4
2
0
7
7
0
.1
6
4
1
0
.3
8
4
.9
1
8
.2
0
1
9
.3
8

0
.1
9
1
9
.1
9

0
.1
2
0
.6
2
1
0
.0
4
1
.1
7
8
.5
8
5
8
7
7
2
4
2
4
0
6
9
7
6
2
2
6
6
5
..
..
..
..
..
..
..
..
..
5
9
.8
1
2
4
2
6
.3
0
1
1
9
0
.1
8
1
1
0
.5
1
8
.0
5
7
.9
0
1
9
.3
0

0
.1
9
1
9
.2
1

0
.1
5
3
.0
3
11
.0
7
1
.4
1
8
.9
8
5
8
7
7
2
7
1
8
0
0
8
6
3
7
8
6
5
9
..
..
..
..
..
..
..
..
..
6
0
.5
3
6
9
5
5
.1
1
1
6
9
0
.1
3
9
1
0
.4
5
1
.2
0
9
.4
9
1
8
.8
5

0
.1
5
1
8
.8
8

0
.0
9
0
.2
3
9
.3
9
1
.2
2
8
.5
3
5
8
8
0
0
7
0
0
5
2
2
9
8
7
5
6
5
7
..
..
..
..
..
..
..
..
..
1
1
5
.7
6
4
9
9
3
7
.7
3
5
5
4
0
.2
0
2
1
0
.4
4
5
.9
7
8
.0
9
1
9
.7
4

0
.0
5
1
9
.3
1

0
.0
2
2
.1
3
11
.4
4
1
.0
5
9
.1
1
5
8
7
7
3
5
2
3
6
3
4
4
4
1
4
3
9
6
..
..
..
..
..
..
..
..
..
1
2
0
.4
1
8
4
0
2
3
.2
0
0
9
0
0
.2
7
2
1
0
.3
3
3
.8
5
8
.3
6
2
0
.7
6

0
.3
0
1
9
.6
5

0
.1
0
2
.6
9
1
0
.7
8
1
.3
1
9
.0
6
5
8
7
7
2
8
6
6
8
2
6
8
1
6
7
2
5
3
..
..
..
..
..
..
..
..
..
1
2
2
.1
8
4
4
3
3
9
.8
1
4
5
5
0
.0
9
1
1
0
.4
5
0
.5
0
1
0
.2
5
1
7
.8
5

0
.0
8
1
7
.5
4

0
.0
4
1
.0
4
1
0
.3
3
1
.0
2
..
.
5
8
7
7
2
5
9
8
1
2
2
4
5
9
9
5
6
7
..
..
..
..
..
..
..
..
..
1
2
3
.8
4
7
5
3
5
0
.0
7
0
7
6
0
.1
6
4
1
0
.5
0
1
.8
7
9
.1
6
1
9
.1
1

0
.1
5
1
8
.6
1

0
.0
7
1
.5
1
1
0
.3
0
2
.1
0
8
.9
9
5
8
7
7
2
5
7
7
4
5
3
5
0
0
0
2
8
5
..
..
..
..
..
..
..
..
..
1
2
4
.0
4
8
6
4
4
9
.3
8
7
2
5
0
.1
7
9
1
0
.4
7
1
2
.7
2
7
.4
6
1
9
.3
7

0
.1
7
1
9
.1
7

0
.0
9
3
.1
2
11
.3
0
1
.2
3
..
.
5
8
7
7
2
5
4
7
0
1
3
0
1
1
0
5
0
8
..
..
..
..
..
..
..
..
..
1
2
4
.3
4
3
7
6
4
6
.7
4
9
8
9
0
.2
8
0
1
0
.8
3
3
.2
4
9
.0
1
1
9
.5
7

0
.0
5
1
9
.1
3

0
.0
2
0
.4
8
9
.9
8
1
.5
3
8
.6
8
5
8
8
0
0
7
0
0
4
6
9
7
8
5
4
0
2
5
..
..
..
..
..
..
..
..
..
1
2
4
.6
7
5
0
3
4
6
.5
8
4
9
5
0
.2
1
8
1
0
.4
3
2
.2
4
8
.9
3
1
9
.9
7

0
.0
5
1
9
.3
1

0
.0
2
3
.0
2
11
.2
1
2
.2
1
9
.0
6
5
8
7
7
2
8
6
6
8
8
0
6
6
11
1
9
0
..
..
..
..
..
..
..
..
..
1
2
4
.7
4
5
4
8
4
2
.9
0
0
0
8
0
.1
5
4
1
0
.4
3
1
3
.0
9
7
.4
0
1
9
.1
3

0
.1
5
1
8
.8
7

0
.0
8
1
.7
3
11
.2
5
0
.7
7
..
.
5
8
7
7
2
8
9
3
1
8
7
5
6
5
1
7
8
6
..
..
..
..
..
..
..
..
..
1
2
4
.8
6
8
9
6
4
1
.2
9
3
6
2
0
.1
7
9
1
0
.4
1
6
.8
6
7
.9
4
1
9
.5
5

0
.1
8
1
9
.8
8

0
.1
2
1
.9
6
1
0
.8
2
1
.4
2
9
.1
1
5
8
7
7
2
8
6
6
4
5
0
5
4
8
3
5
3
2
..
..
..
..
..
..
..
..
..
1
2
4
.8
8
7
4
0
4
2
.6
0
2
9
4
0
.2
3
2
1
0
.5
3
2
.8
6
8
.8
2
1
9
.8
6

0
.2
1
2
0
.2
8

0
.1
5
1
.2
0
1
0
.9
8
0
.5
0
..
.
5
8
8
0
0
7
0
0
4
1
6
0
9
8
3
2
0
9
..
..
..
..
..
..
..
..
..
1
2
5
.2
2
8
0
0
4
6
.2
1
4
4
9
0
.2
2
9
1
0
.4
1
2
.9
6
8
.6
7
2
0
.1
3

0
.0
6
1
9
.6
3

0
.0
3
1
.1
6
9
.7
9
1
.1
3
8
.6
6
5
8
7
7
3
1
8
7
2
3
1
4
8
8
4
1
1
7
..
..
..
..
..
..
..
..
..
1
2
5
.4
0
5
2
0
3
7
.1
7
9
6
5
0
.2
8
4
1
0
.8
0
1
.8
4
9
.4
7
1
9
.7
0

0
.1
2
1
9
.2
7

0
.0
7
0
.5
8
9
.9
9
1
.5
4
8
.8
9
5
8
7
7
2
8
6
6
4
5
0
6
0
7
3
2
1
0
..
..
..
..
..
..
..
..
..
1
2
6
.0
5
4
7
1
4
3
.6
2
2
5
0
0
.1
1
8
1
0
.6
1
2
.6
4
8
.9
7
1
8
.0
5

0
.0
9
1
7
.9
0

0
.0
5
..
.
1
0
.3
6
1
.4
0
..
.
446
T
A
B
L
E
1
—
C
o
n
ti
n
u
ed
S
D
S
S
O
b
jI
D
(1
)
R
.A
.
(d
eg
)
(2
)
D
ec
l.
(d
eg
)
(3
)
R
ed
sh
if
t
(4
)
lo
g
L
1
5
3
0
(L
)
(5
)
r 5
0
;u
(k
p
c)
(6
)
lo
g
I 1
5
3
0
(L

k
p
c
2
)
(7
)
F
U
V
(m
ag
)
(8
)
N
U
V
(m
ag
)
(9
)
A
1
5
3
0
(m
ag
)
(1
0
)
lo
g
M

(M
)
(1
1
)
lo
g
S
F
R
(M

y
r
1
)
(1
2
)
1
2
þ
lo
g
(O
/H
)
(1
3
)
5
8
7
7
2
8
9
3
1
8
7
6
1
7
6
0
9
2
..
..
..
..
..
..
..
..
..
1
2
6
.0
6
7
2
5
4
2
.1
6
9
3
4
0
.2
2
3
1
0
.3
4
1
0
.0
2
7
.5
4
2
0
.2
4

0
.2
4
..
.
2
.1
1
1
1
.1
3
2
.0
5
..
.
5
8
7
7
3
1
8
8
5
7
3
6
7
8
8
1
2
2
..
..
..
..
..
..
..
..
..
1
2
6
.1
3
8
8
9
3
8
.0
0
3
6
6
0
.1
0
3
1
0
.3
3
4
.3
7
8
.2
5
1
8
.4
3

0
.0
7
1
7
.8
4

0
.0
3
1
.2
2
1
0
.9
3
1
.7
1
9
.1
5
5
8
7
7
2
8
6
6
4
5
0
6
4
0
0
9
4
6
..
..
..
..
..
..
..
..
..
1
2
6
.7
11
1
6
4
4
.1
4
3
1
9
0
.1
3
2
1
0
.3
5
1
1
.5
1
7
.4
3
1
8
.9
7

0
.1
3
1
8
.3
1

0
.0
7
1
.5
3
1
1
.0
5
0
.8
2
..
.
5
8
7
7
3
1
8
8
6
2
7
5
1
6
6
4
4
5
..
..
..
..
..
..
..
..
..
1
2
8
.8
8
3
8
0
4
0
.7
1
0
8
4
0
.0
8
4
1
0
.3
1
4
.0
6
8
.3
0
1
8
.0
1

0
.0
8
1
7
.9
4

0
.0
5
0
.4
4
9
.6
7
0
.5
2
8
.6
1
5
8
8
0
1
0
1
3
6
8
0
0
3
9
5
4
3
6
..
..
..
..
..
..
..
..
..
1
2
9
.3
8
9
8
2
4
7
.9
6
4
5
4
0
.2
1
5
1
0
.5
6
2
.9
6
8
.8
2
1
9
.5
9

0
.1
5
1
8
.9
3

0
.0
6
0
.3
0
9
.9
1
1
.4
1
8
.3
1
5
8
8
0
1
0
1
3
5
7
2
6
4
5
6
9
1
8
..
..
..
..
..
..
..
..
..
1
2
9
.6
1
5
7
1
4
7
.1
7
5
7
5
0
.0
9
7
1
0
.3
8
2
.0
7
8
.9
5
1
8
.1
7

0
.0
1
1
7
.7
3

0
.0
1
1
.3
5
1
0
.7
2
0
.8
0
8
.8
8
5
8
8
0
0
9
3
6
5
8
5
9
0
7
4
2
7
6
..
..
..
..
..
..
..
..
..
1
3
0
.7
1
0
8
8
4
6
.9
7
7
5
1
0
.2
2
9
1
0
.3
3
1
1
.0
8
7
.4
4
2
0
.3
3

0
.0
4
1
9
.6
6

0
.0
2
2
.7
9
1
1
.1
5
1
.0
9
..
.
5
8
7
7
2
8
9
3
1
3
4
1
3
3
6
7
5
1
..
..
..
..
..
..
..
..
..
1
3
0
.9
11
0
6
4
5
.2
5
3
3
2
0
.1
9
3
1
0
.4
2
4
.7
4
8
.2
7
1
9
.6
8

0
.1
6
1
9
.4
6

0
.0
8
2
.3
9
1
0
.6
5
1
.4
3
9
.1
0
5
8
7
7
2
5
4
7
0
6
7
0
1
9
2
7
7
0
..
..
..
..
..
..
..
..
..
1
3
1
.5
0
9
2
8
5
2
.5
3
3
0
7
0
.0
5
3
1
0
.3
1
3
.9
5
8
.3
2
1
6
.9
5

0
.0
1
1
6
.5
0

0
.0
0
2
.2
4
1
1
.1
5
1
.0
6
9
.2
0
5
8
7
7
2
8
9
3
0
8
0
4
8
5
9
1
0
8
..
..
..
..
..
..
..
..
..
1
3
2
.2
5
1
9
2
4
5
.5
6
7
2
5
0
.2
2
0
1
0
.5
8
1
0
.7
9
7
.7
2
1
9
.6
1

0
.1
6
1
9
.3
4

0
.0
8
2
.8
5
1
1
.0
3
0
.8
8
9
.0
8
5
8
7
7
2
5
5
5
2
2
7
5
2
2
6
8
3
1
..
..
..
..
..
..
..
..
..
1
3
3
.4
0
4
4
3
5
7
.0
7
6
3
9
0
.2
9
9
1
1
.3
3
3
2
.0
3
7
.5
2
1
8
.4
8

0
.0
3
..
.
..
.
1
1
.5
3
0
.1
7
..
.
5
8
7
7
3
2
0
4
9
4
8
0
0
5
6
8
7
9
..
..
..
..
..
..
..
..
..
1
3
6
.0
7
2
9
5
4
5
.6
2
5
3
8
0
.1
9
5
1
0
.4
7
9
.6
8
7
.7
0
1
9
.5
8

0
.2
0
1
9
.3
4

0
.1
0
2
.7
0
1
0
.8
5
0
.9
9
9
.1
1
5
8
7
7
2
5
4
6
9
5
9
8
0
2
3
7
2
6
..
..
..
..
..
..
..
..
..
1
3
6
.6
3
2
5
4
5
4
.4
7
7
0
3
0
.2
0
5
1
0
.4
1
2
.5
8
8
.7
9
1
9
.8
6

0
.1
7
1
9
.2
3

0
.0
8
1
.0
0
1
0
.1
5
1
.6
1
8
.8
5
5
8
7
7
3
2
7
0
2
8
5
5
6
2
7
0
6
2
..
..
..
..
..
..
..
..
..
1
3
6
.6
7
3
6
3
5
.3
7
4
8
5
0
.2
2
6
1
0
.3
3
9
.7
2
7
.5
6
2
0
.3
0

0
.2
6
2
0
.0
7

0
.1
7
2
.8
0
1
1
.2
9
0
.9
9
..
.
5
8
7
7
3
2
7
0
1
7
8
2
0
1
6
2
8
6
..
..
..
..
..
..
..
..
..
1
3
7
.0
8
2
0
5
4
.5
8
6
7
9
0
.1
2
4
1
0
.3
5
9
.0
5
7
.6
4
1
8
.8
2

0
.1
4
1
8
.2
4

0
.0
6
2
.4
3
1
0
.7
4
0
.9
0
9
.0
6
5
8
8
0
0
7
0
0
4
7
0
3
0
9
6
8
8
4
..
..
..
..
..
..
..
..
..
1
3
7
.5
9
9
7
5
5
5
.3
9
8
9
9
0
.1
7
1
1
0
.3
3
2
.2
4
8
.8
3
1
9
.6
2

0
.0
4
1
9
.0
4

0
.0
2
2
.2
1
1
1
.0
0
1
.3
7
..
.
5
8
7
7
2
7
9
4
2
9
5
4
8
4
4
4
9
4
..
..
..
..
..
..
..
..
..
1
3
7
.8
0
5
5
9
1
.2
3
2
4
6
0
.2
5
2
1
0
.3
2
3
2
.8
2
6
.4
9
2
0
.6
0

0
.0
7
2
0
.2
9

0
.0
3
4
.5
5
1
1
.3
1
0
.5
3
..
.
5
8
7
7
3
2
0
5
4
3
1
9
8
9
0
5
5
3
..
..
..
..
..
..
..
..
..
1
3
9
.3
5
4
1
0
4
2
.7
5
8
2
7
0
.2
3
7
1
0
.3
1
7
.2
6
7
.7
9
2
0
.4
5

0
.2
2
1
9
.8
1

0
.1
1
2
.5
0
1
1
.0
9
1
.2
7
..
.
5
8
7
7
2
5
8
1
7
4
7
7
9
8
8
4
2
4
..
..
..
..
..
..
..
..
..
1
3
9
.4
4
6
1
7
5
9
.2
9
1
1
6
0
.1
7
3
1
0
.3
8
2
.4
3
8
.8
1
1
9
.5
4

0
.1
7
1
8
.6
6

0
.0
7
1
.7
8
1
0
.5
6
1
.2
7
8
.9
1
5
8
7
7
3
1
9
1
3
1
1
0
2
5
7
9
0
2
..
..
..
..
..
..
..
..
..
1
3
9
.9
5
0
3
6
4
8
.6
4
3
0
4
0
.2
3
7
1
0
.3
2
1
4
.4
4
7
.2
0
2
0
.4
3

0
.2
5
1
9
.8
8

0
.1
1
1
.7
6
1
1
.0
1
0
.9
1
9
.0
4
5
8
7
7
2
5
5
5
1
7
4
0
3
2
1
9
7
8
..
..
..
..
..
..
..
..
..
1
4
0
.0
7
6
0
5
5
9
.8
6
1
1
9
0
.1
9
5
1
0
.3
9
1
0
.6
4
7
.5
4
1
9
.7
8

0
.1
9
1
9
.7
1

0
.1
3
2
.3
4
1
0
.9
0
0
.7
7
9
.0
5
5
8
7
7
3
1
5
2
1
2
0
8
5
8
2
2
5
7
..
..
..
..
..
..
..
..
..
1
4
0
.4
9
7
4
8
4
5
.1
5
3
4
4
0
.2
3
5
1
0
.8
2
1
.5
3
9
.6
5
1
9
.1
7

0
.1
3
1
8
.8
0

0
.0
6
2
.2
2
1
0
.5
4
1
.9
9
..
.
5
8
7
7
2
5
5
5
1
2
0
3
4
5
11
0
3
..
..
..
..
..
..
..
..
..
1
4
0
.6
0
2
3
6
5
9
.6
1
0
7
9
0
.2
7
7
1
0
.4
0
1
6
.5
6
7
.1
6
2
0
.6
3

0
.2
7
2
0
.1
8

0
.1
7
2
.3
0
1
1
.4
7
0
.5
7
..
.
5
8
8
0
0
7
0
0
4
1
6
7
0
1
2
5
1
5
..
..
..
..
..
..
..
..
..
1
4
0
.6
5
0
0
2
5
6
.2
7
1
9
4
0
.1
9
1
1
0
.3
2
6
.2
5
7
.9
3
1
9
.9
1

0
.1
9
1
9
.2
3

0
.0
8
3
.1
5
1
1
.1
0
1
.2
8
9
.1
1
5
8
7
7
3
1
9
1
3
1
1
0
5
2
0
0
0
3
..
..
..
..
..
..
..
..
..
1
4
0
.6
5
3
9
2
4
8
.9
5
3
9
6
0
.1
8
5
1
0
.4
2
1
6
.0
1
7
.2
1
1
9
.6
0

0
.1
6
1
9
.1
0

0
.0
7
0
.8
4
1
1
.0
9
0
.5
8
..
.
5
8
8
0
1
0
1
3
6
8
0
4
7
8
6
2
0
7
..
..
..
..
..
..
..
..
..
1
4
0
.9
0
1
9
2
5
4
.8
1
0
9
1
0
.2
2
2
1
0
.5
6
1
.1
4
9
.6
5
1
9
.6
8

0
.1
7
1
9
.4
5

0
.1
0
1
.3
6
9
.9
7
0
.8
5
8
.8
6
5
8
7
7
2
5
4
7
0
6
7
3
5
3
5
0
0
9
..
..
..
..
..
..
..
..
..
1
4
1
.1
3
9
2
1
5
7
.7
3
8
0
0
0
.2
2
7
1
0
.6
9
9
.2
9
7
.9
6
1
9
.4
2

0
.1
6
..
.
2
.2
8
1
1
.1
8
0
.7
5
8
.9
8
5
8
8
0
1
3
3
8
4
3
4
1
9
1
3
6
0
5
..
..
..
..
..
..
..
..
..
1
4
1
.5
0
1
6
9
4
4
.4
6
0
0
5
0
.1
8
1
1
0
.7
3
1
.0
3
9
.9
1
1
8
.7
6

0
.1
0
1
8
.8
4

0
.0
6
0
.4
6
9
.2
0
0
.7
2
8
.4
6
5
8
7
7
3
1
5
2
1
7
4
6
0
4
3
1
5
0
..
..
..
..
..
..
..
..
..
1
4
1
.6
8
2
3
3
4
6
.1
7
5
8
9
0
.1
5
4
1
0
.3
1
1
2
.6
1
7
.3
1
1
9
.4
1

0
.1
5
1
9
.1
9

0
.0
8
1
.4
5
1
0
.5
5
0
.6
4
..
.
5
8
8
0
0
7
0
0
6
3
1
5
5
4
4
7
6
6
..
..
..
..
..
..
..
..
..
1
4
2
.1
8
2
8
2
5
9
.0
0
6
0
0
0
.2
2
6
1
0
.6
2
2
7
.6
8
6
.9
4
1
9
.5
7

0
.0
4
1
9
.3
4

0
.0
2
0
.3
4
1
0
.5
4
2
.4
6
8
.7
7
5
8
7
7
2
9
3
8
5
5
3
1
3
1
0
2
0
2
..
..
..
..
..
..
..
..
..
1
4
2
.3
7
5
1
8
5
0
.5
8
2
7
5
0
.2
2
3
1
0
.4
6
1
1
.4
4
7
.5
4
1
9
.9
4

0
.2
2
1
9
.6
2

0
.1
0
2
.8
7
1
0
.9
8
0
.8
9
9
.1
0
5
8
7
7
3
1
6
8
0
1
2
2
1
1
0
1
4
6
..
..
..
..
..
..
..
..
..
1
4
2
.4
6
3
0
9
4
6
.4
2
4
6
6
0
.1
8
8
1
0
.3
3
8
.1
5
7
.7
1
1
9
.8
5

0
.1
8
..
.
0
.9
0
1
0
.2
6
0
.9
8
8
.8
6
5
8
7
7
2
5
8
1
6
4
0
5
0
9
8
6
4
1
..
..
..
..
..
..
..
..
..
1
4
3
.4
4
1
3
3
5
9
.8
4
8
5
6
0
.2
3
1
1
0
.3
7
1
.9
8
8
.9
8
2
0
.2
5

0
.2
3
1
9
.8
6

0
.1
1
0
.4
1
9
.7
0
1
.0
0
8
.7
0
5
8
7
7
3
2
4
8
4
3
4
7
7
2
3
7
8
0
..
..
..
..
..
..
..
..
..
1
4
3
.7
8
6
4
1
4
2
.7
8
5
0
0
0
.2
3
4
1
0
.5
9
2
.7
6
8
.9
1
1
9
.7
4

0
.1
7
1
9
.3
6

0
.0
9
1
.6
2
1
0
.2
1
1
.3
6
8
.8
1
5
8
7
7
2
8
9
3
2
4
2
0
2
5
5
8
6
0
..
..
..
..
..
..
..
..
..
1
4
3
.9
9
2
0
0
5
3
.4
5
7
1
8
0
.1
9
9
1
0
.3
8
8
.3
8
7
.7
4
1
9
.8
6

0
.1
7
1
9
.4
5

0
.0
8
1
.5
5
1
0
.8
6
1
.0
5
9
.1
1
5
8
8
0
0
9
3
6
5
8
6
3
9
8
9
3
6
0
..
..
..
..
..
..
..
..
..
1
4
3
.9
9
9
8
2
5
4
.3
6
8
3
0
0
.2
6
2
1
0
.6
9
5
.7
7
8
.3
7
1
9
.7
6

0
.1
7
1
9
.1
7

0
.0
7
1
.7
1
1
0
.8
8
1
.6
4
..
.
5
8
8
0
0
9
3
6
7
4
7
5
8
4
7
3
7
1
..
..
..
..
..
..
..
..
..
1
4
7
.0
5
1
5
6
5
6
.9
9
3
9
8
0
.2
1
4
1
0
.3
1
1
4
.4
4
7
.1
9
2
0
.2
0

0
.2
1
2
0
.2
6

0
.1
2
2
.6
4
1
1
.0
0
1
.0
3
..
.
5
8
7
7
2
5
8
1
6
9
4
3
0
8
3
5
5
0
..
..
..
..
..
..
..
..
..
1
4
7
.1
0
2
3
7
6
1
.6
6
5
8
0
0
.1
7
3
1
0
.4
3
1
.0
4
9
.6
0
1
9
.3
9

0
.0
4
1
9
.2
8

0
.0
2
..
.
9
.8
8
0
.9
2
..
.
5
8
7
7
2
5
8
1
6
4
0
6
0
8
1
7
1
9
..
..
..
..
..
..
..
..
..
1
4
7
.1
6
3
9
1
6
1
.2
2
2
9
9
0
.1
8
5
1
0
.9
1
8
.4
6
8
.2
6
1
8
.3
6

0
.0
3
..
.
1
.9
5
1
0
.8
2
0
.2
4
..
.
5
8
7
7
3
1
8
6
8
0
1
4
0
8
4
2
7
2
..
..
..
..
..
..
..
..
..
1
4
7
.4
0
8
4
6
4
7
.3
9
2
3
5
0
.2
4
9
1
0
.3
6
6
.3
2
7
.9
6
2
0
.4
7

0
.2
3
2
0
.5
1

0
.1
7
2
.2
0
1
0
.6
1
1
.1
0
9
.0
6
5
8
7
7
3
1
8
6
9
0
8
8
2
1
9
1
9
2
..
..
..
..
..
..
..
..
..
1
4
7
.9
0
6
1
4
4
8
.6
6
1
4
7
0
.1
3
5
1
0
.3
9
1
.8
9
9
.0
4
1
8
.9
1

0
.1
1
1
8
.9
9

0
.0
7
0
.5
6
9
.4
6
0
.4
9
8
.2
5
5
8
8
0
1
0
1
3
5
7
3
2
8
1
4
0
4
4
..
..
..
..
..
..
..
..
..
1
4
7
.9
2
6
9
6
5
6
.4
3
0
0
8
0
.2
8
3
1
0
.3
8
6
.0
4
8
.0
2
2
0
.7
2

0
.2
7
2
0
.3
1

0
.1
2
1
.4
8
1
0
.6
8
1
.0
7
9
.1
1
5
8
8
0
0
9
3
6
7
4
7
6
1
7
4
9
6
5
..
..
..
..
..
..
..
..
..
1
4
8
.1
4
2
3
8
5
7
.4
0
5
3
5
0
.2
5
7
1
0
.4
9
3
.9
0
8
.5
1
2
0
.2
2

0
.2
1
1
9
.7
1

0
.0
9
1
.7
4
1
0
.7
8
2
.3
5
9
.0
0
5
8
7
7
3
2
0
4
9
4
8
4
5
1
3
3
2
0
..
..
..
..
..
..
..
..
..
1
4
8
.6
4
4
0
7
5
1
.5
8
5
5
7
0
.1
3
0
1
0
.7
8
1
.5
5
9
.6
0
1
7
.8
4

0
.0
7
..
.
0
.8
9
9
.5
6
1
.3
5
8
.6
3
5
8
7
7
3
5
2
4
1
7
1
9
0
2
1
6
8
0
..
..
..
..
..
..
..
..
..
1
4
8
.7
3
9
8
2
3
9
.7
4
2
9
2
0
.1
9
8
1
0
.4
6
9
.2
1
7
.7
3
1
9
.6
4

0
.1
5
1
9
.2
7

0
.0
8
2
.6
1
1
1
.0
8
1
.2
6
..
.
5
8
8
0
0
9
3
6
7
4
7
6
3
0
6
0
6
5
..
..
..
..
..
..
..
..
..
1
4
8
.8
0
4
7
3
5
7
.5
3
4
1
6
0
.1
4
1
1
0
.4
0
2
.4
6
8
.8
2
1
8
.9
9

0
.1
2
1
9
.2
2

0
.0
8
0
.1
9
9
.6
2
0
.8
2
8
.6
0
447
T
A
B
L
E
1
—
C
o
n
ti
n
u
ed
S
D
S
S
O
b
jI
D
(1
)
R
.A
.
(d
eg
)
(2
)
D
ec
l.
(d
eg
)
(3
)
R
ed
sh
if
t
(4
)
lo
g
L
1
5
3
0
(L
)
(5
)
r 5
0
;u
(k
p
c)
(6
)
lo
g
I 1
5
3
0
(L

k
p
c
2
)
(7
)
F
U
V
(m
ag
)
(8
)
N
U
V
(m
ag
)
(9
)
A
1
5
3
0
(m
ag
)
(1
0
)
lo
g
M

(M
)
(1
1
)
lo
g
S
F
R
(M

y
r
1
)
(1
2
)
1
2
þ
lo
g
(O
/H
)
(1
3
)
5
8
8
0
1
6
5
2
6
6
3
3
8
6
1
3
6
3
..
..
..
..
..
..
..
..
..
1
4
9
.2
2
5
4
6
3
8
.6
7
0
6
2
0
.2
0
5
1
0
.4
0
8
.8
4
7
.7
1
1
9
.9
0

0
.1
8
1
9
.8
5

0
.1
0
1
.5
8
1
0
.8
5
0
.5
5
..
.
5
8
8
0
0
9
3
6
7
4
7
6
5
6
8
1
2
6
..
..
..
..
..
..
..
..
..
1
4
9
.5
8
0
0
9
5
7
.8
2
7
8
1
0
.2
0
1
1
0
.4
2
1
2
.8
2
7
.4
1
1
9
.7
8

0
.1
7
1
9
.5
2

0
.1
0
2
.8
4
1
1
.2
0
0
.8
6
..
.
5
8
7
7
3
5
2
3
9
5
7
1
6
0
3
5
4
6
..
..
..
..
..
..
..
..
..
1
4
9
.8
7
5
4
6
3
8
.1
5
6
11
0
.2
11
1
0
.3
1
9
.2
2
7
.5
8
2
0
.1
7

0
.2
0
1
9
.7
2

0
.0
9
3
.4
7
1
0
.8
7
1
.0
4
9
.1
3
5
8
8
0
0
9
3
6
5
8
6
5
7
5
8
9
0
9
..
..
..
..
..
..
..
..
..
1
5
0
.0
9
3
4
1
5
6
.5
9
4
7
9
0
.2
2
8
1
0
.3
1
1
0
.5
0
7
.4
7
2
0
.3
7

0
.2
2
2
0
.0
8

0
.1
3
2
.2
0
1
1
.0
3
1
.0
8
..
.
5
8
7
7
3
5
2
3
9
5
7
1
6
6
9
2
8
2
..
..
..
..
..
..
..
..
..
1
5
0
.1
0
4
2
9
3
8
.4
1
8
8
8
0
.2
5
2
1
0
.4
1
1
2
.8
1
7
.4
0
2
0
.3
6

0
.2
2
2
0
.3
7

0
.1
3
3
.5
4
1
1
.1
3
1
.3
3
9
.0
8
5
8
7
7
2
9
3
8
7
1
4
4
8
0
6
5
0
1
..
..
..
..
..
..
..
..
..
1
5
0
.5
0
3
6
8
5
5
.1
2
4
4
8
0
.2
4
7
1
0
.4
5
5
.2
6
8
.2
1
2
0
.2
1

0
.2
0
1
9
.5
8

0
.0
9
2
.4
2
1
1
.0
9
1
.7
0
..
.
5
8
8
2
9
7
8
6
4
7
2
2
3
8
2
9
7
1
..
..
..
..
..
..
..
..
..
1
5
2
.1
0
1
5
6
4
2
.7
3
3
4
2
0
.1
8
1
1
0
.3
3
4
.5
8
8
.2
1
1
9
.7
6

0
.1
8
1
9
.7
2

0
.1
0
2
.5
5
1
0
.7
8
0
.7
3
9
.0
6
5
8
7
7
3
2
4
8
2
2
0
2
8
6
1
6
5
6
..
..
..
..
..
..
..
..
..
1
5
2
.1
6
4
7
3
4
4
.1
1
2
6
7
0
.1
5
1
1
0
.5
6
1
1
.7
3
7
.6
2
1
8
.7
6

0
.1
0
1
8
.5
5

0
.0
5
0
.5
9
1
1
.0
5
0
.6
4
..
.
5
8
7
7
3
2
1
3
5
9
1
4
0
4
5
5
8
0
..
..
..
..
..
..
..
..
..
1
5
2
.5
1
0
2
2
4
8
.1
1
0
2
0
0
.2
5
5
1
0
.4
4
1
5
.2
8
7
.2
7
2
0
.3
3

0
.2
2
2
0
.1
3

0
.1
6
2
.0
5
1
1
.4
0
0
.6
5
..
.
5
8
7
7
3
2
1
3
5
3
7
7
1
0
9
1
2
7
..
..
..
..
..
..
..
..
..
1
5
2
.6
2
9
4
4
4
7
.7
0
2
6
0
0
.1
9
0
1
0
.4
6
7
.0
1
7
.9
7
1
9
.5
6

0
.1
5
1
9
.4
0

0
.0
8
2
.4
4
1
0
.7
8
1
.2
2
9
.0
7
5
8
7
7
3
2
1
3
6
4
5
1
0
4
7
4
9
0
..
..
..
..
..
..
..
..
..
1
5
2
.7
2
4
4
3
4
8
.4
9
1
0
2
0
.1
5
8
1
0
.3
4
3
.3
2
8
.5
0
1
9
.4
2

0
.1
4
1
9
.7
4

0
.1
0
2
.1
8
1
0
.7
8
0
.3
1
..
.
5
8
7
7
2
5
8
1
6
9
4
4
4
5
9
8
7
6
..
..
..
..
..
..
..
..
..
1
5
3
.0
4
6
6
2
6
3
.4
1
7
6
9
0
.2
4
6
1
0
.3
3
1
.2
3
9
.3
5
2
0
.5
0

0
.2
3
2
0
.0
8

0
.1
1
0
.5
9
9
.8
4
1
.0
2
8
.7
6
5
8
7
7
3
2
4
8
3
8
1
4
1
2
9
9
0
6
..
..
..
..
..
..
..
..
..
1
5
3
.5
4
7
9
6
4
5
.7
9
0
2
8
0
.1
6
1
1
0
.3
8
1
1
.8
2
7
.4
4
1
9
.3
7

0
.1
4
1
8
.9
7

0
.0
6
1
.8
0
1
1
.0
2
0
.8
1
..
.
5
8
7
7
2
9
3
8
8
2
1
9
6
6
2
4
5
9
..
..
..
..
..
..
..
..
..
1
5
3
.7
3
0
4
2
5
7
.1
1
3
6
7
0
.2
5
5
1
0
.3
5
1
0
.9
2
7
.4
8
2
0
.5
3

0
.2
4
1
9
.9
3

0
.1
0
4
.4
6
1
1
.2
1
0
.9
3
9
.1
5
5
8
7
7
3
2
1
5
2
5
7
1
9
8
6
0
7
5
..
..
..
..
..
..
..
..
..
1
5
3
.9
1
4
6
0
4
5
.3
4
4
1
2
0
.2
11
1
0
.3
4
1
2
.7
9
7
.3
3
2
0
.1
0

0
.1
9
1
9
.7
0

0
.0
9
8
.4
8
1
1
.4
8
0
.6
6
..
.
5
8
8
0
0
9
3
6
8
5
5
1
8
1
7
3
5
3
..
..
..
..
..
..
..
..
..
1
5
4
.8
9
2
8
5
6
0
.2
2
6
3
1
0
.1
5
6
1
0
.3
1
1
4
.2
3
7
.2
1
1
9
.4
4

0
.1
4
1
9
.5
3

0
.1
0
1
.4
2
1
1
.2
3
0
.4
3
..
.
5
8
7
7
3
1
5
0
0
7
9
6
7
3
9
6
6
1
..
..
..
..
..
..
..
..
..
1
5
5
.7
8
9
5
8
5
4
.4
9
6
4
0
0
.2
1
4
1
0
.3
7
9
.5
4
7
.6
1
2
0
.0
7

0
.2
0
1
9
.7
4

0
.0
9
0
.0
0
1
1
.2
2
0
.5
5
..
.
5
8
7
7
3
1
8
6
9
0
9
0
7
0
9
6
4
4
..
..
..
..
..
..
..
..
..
1
5
5
.8
5
8
4
1
5
1
.1
0
2
3
4
0
.1
3
8
1
0
.4
0
5
.6
4
8
.1
0
1
8
.9
5

0
.1
2
1
8
.6
6

0
.0
6
1
.0
0
1
0
.0
8
0
.8
5
8
.8
2
5
8
7
7
3
2
0
4
8
9
4
9
7
3
9
6
2
4
..
..
..
..
..
..
..
..
..
1
5
6
.0
4
2
7
6
5
3
.3
2
8
2
8
0
.1
8
5
1
0
.4
0
1
0
.5
6
7
.5
5
1
9
.6
5

0
.1
6
1
9
.2
8

0
.0
8
0
.6
9
1
1
.0
3
0
.8
2
9
.0
5
5
8
7
7
3
2
0
4
8
4
1
2
8
6
8
6
8
8
..
..
..
..
..
..
..
..
..
1
5
6
.3
0
4
3
5
5
2
.8
7
8
6
9
0
.1
7
7
1
0
.3
1
1
2
.4
5
7
.3
2
1
9
.7
6

0
.1
7
1
9
.5
3

0
.1
0
1
.7
6
1
0
.9
6
1
.0
9
..
.
5
8
7
7
3
2
5
8
2
0
5
3
1
1
7
9
8
9
..
..
..
..
..
..
..
..
..
1
5
6
.5
4
2
5
0
5
6
.6
6
6
6
5
0
.1
9
7
1
0
.3
2
7
.5
7
7
.7
6
2
0
.0
0

0
.1
8
..
.
4
.3
1
1
1
.2
4
0
.6
2
..
.
5
8
7
7
3
2
1
3
5
3
7
8
3
5
4
1
8
8
..
..
..
..
..
..
..
..
..
1
5
6
.5
5
8
2
1
4
8
.7
4
9
7
0
0
.1
6
0
1
0
.4
7
2
.1
7
9
.0
0
1
9
.1
3

0
.1
2
1
8
.9
1

0
.0
6
0
.2
5
9
.9
1
1
.1
0
8
.3
3
5
8
8
0
1
3
3
8
3
8
1
0
2
2
0
1
8
4
..
..
..
..
..
..
..
..
..
1
5
7
.3
4
0
0
6
4
9
.6
9
5
3
5
0
.1
9
4
1
0
.3
5
1
1
.4
2
7
.4
4
1
9
.8
8

0
.1
7
1
9
.9
5

0
.1
0
2
.4
9
1
0
.8
1
0
.6
0
..
.
5
8
7
7
3
1
8
7
0
7
0
1
9
7
7
7
1
4
..
..
..
..
..
..
..
..
..
1
5
7
.4
3
7
2
7
5
2
.8
6
2
1
5
0
.2
2
7
1
0
.3
6
6
.8
5
7
.8
9
2
0
.2
4

0
.2
1
2
0
.0
6

0
.1
3
3
.3
7
1
1
.0
5
1
.9
4
9
.0
6
5
8
8
0
0
9
3
7
0
6
8
5
2
7
6
2
4
3
..
..
..
..
..
..
..
..
..
1
5
7
.7
6
6
5
6
5
8
.9
3
3
8
6
0
.1
7
3
1
0
.4
4
2
.4
6
8
.8
6
1
9
.3
7

0
.1
7
1
8
.7
2

0
.0
7
..
.
1
0
.1
3
1
.4
2
8
.7
0
5
8
8
0
0
7
0
0
5
2
4
5
4
7
2
9
0
3
..
..
..
..
..
..
..
..
..
1
5
7
.8
2
3
2
7
6
2
.6
5
3
3
5
0
.1
9
8
1
0
.3
9
4
.6
9
8
.2
5
1
9
.8
3

0
.1
7
2
0
.1
0

0
.1
3
1
.4
0
1
0
.9
0
0
.7
0
..
.
5
8
8
0
0
7
0
0
5
7
8
2
5
4
0
3
5
0
..
..
..
..
..
..
..
..
..
1
5
8
.3
3
3
9
1
6
3
.1
8
7
9
7
0
.1
4
5
1
0
.6
2
5
.3
2
8
.3
7
1
8
.5
0

0
.0
9
1
8
.1
8

0
.0
5
2
.2
5
1
0
.9
9
2
.1
0
9
.0
6
5
8
7
7
2
5
5
5
1
7
4
4
9
0
9
4
4
1
..
..
..
..
..
..
..
..
..
1
5
9
.7
6
5
5
3
6
5
.5
5
1
3
7
0
.1
1
7
1
0
.4
3
7
.3
3
7
.9
0
1
8
.4
7

0
.0
9
1
8
.1
7

0
.0
5
2
.7
0
1
0
.8
2
1
.0
7
9
.1
2
5
8
7
7
3
2
0
4
9
4
8
7
7
9
0
0
8
4
..
..
..
..
..
..
..
..
..
1
5
9
.8
3
9
7
4
5
4
.7
8
9
1
9
0
.1
8
6
1
0
.5
7
2
.9
2
8
.8
4
1
9
.2
1

0
.1
3
1
8
.6
2

0
.0
5
0
.0
9
9
.5
4
1
.1
3
8
.6
2
5
8
7
7
2
9
3
8
6
0
7
3
4
8
9
5
5
9
..
..
..
..
..
..
..
..
..
1
6
0
.1
5
7
0
4
5
6
.8
1
4
6
7
0
.1
4
8
1
0
.3
2
3
.0
3
8
.5
6
1
9
.2
9

0
.1
6
1
9
.2
2

0
.0
9
0
.1
5
1
0
.6
4
1
.6
7
8
.8
5
5
8
7
7
2
5
8
1
7
4
8
3
0
3
4
7
2
3
..
..
..
..
..
..
..
..
..
1
6
0
.6
9
2
2
8
6
5
.3
9
6
1
6
0
.1
8
9
1
0
.3
4
9
.4
4
7
.5
9
1
9
.8
4

0
.0
5
1
9
.1
8

0
.0
2
1
.5
9
1
1
.0
4
1
.4
5
9
.1
3
5
8
7
7
2
5
5
5
1
7
4
5
5
6
4
8
0
2
..
..
..
..
..
..
..
..
..
1
6
2
.9
3
9
5
8
6
6
.1
0
5
9
1
0
.1
7
0
1
0
.3
1
0
.8
6
9
.6
4
1
9
.6
5

0
.0
4
1
9
.3
0

0
.0
2
1
.0
8
9
.5
7
1
.1
5
8
.8
3
5
8
7
7
2
5
8
1
9
0
9
4
6
9
6
0
4
7
..
..
..
..
..
..
..
..
..
1
6
5
.0
8
7
2
3
6
7
.4
8
5
4
6
0
.1
9
1
1
0
.3
3
5
.0
2
8
.1
3
1
9
.9
0

0
.2
3
1
9
.4
2

0
.1
0
1
.5
0
1
1
.1
9
1
.3
7
9
.1
4
5
8
7
7
2
9
3
8
6
0
7
5
4
5
5
6
3
6
..
..
..
..
..
..
..
..
..
1
6
8
.1
7
3
3
6
5
8
.1
3
7
6
4
0
.1
5
4
1
0
.3
6
1
1
.1
1
7
.4
7
1
9
.2
9

0
.1
3
1
8
.8
0

0
.0
6
1
.8
2
1
1
.1
1
1
.0
3
..
.
5
8
7
7
2
9
1
5
3
5
9
5
5
3
9
5
9
4
..
..
..
..
..
..
..
..
..
1
6
9
.5
7
0
5
9
6
3
.2
6
2
9
7
0
.2
3
8
1
0
.3
8
2
.2
4
8
.8
8
2
0
.3
0

0
.2
2
2
0
.4
2

0
.1
3
1
.2
7
1
0
.2
3
1
.3
4
8
.9
1
5
8
8
0
1
1
0
9
9
4
1
0
0
7
1
6
1
3
..
..
..
..
..
..
..
..
..
1
6
9
.8
0
7
7
1
6
2
.9
1
8
1
7
0
.2
8
6
1
0
.3
2
4
.0
4
8
.3
1
2
0
.9
0

0
.2
8
2
0
.2
7

0
.1
2
0
.7
5
1
0
.9
5
0
.6
7
..
.
5
8
7
7
2
9
1
5
5
7
4
3
8
7
5
2
3
4
..
..
..
..
..
..
..
..
..
1
7
3
.2
6
5
7
8
6
5
.2
2
8
1
5
0
.2
4
1
1
0
.7
2
0
.3
8
1
0
.7
7
1
9
.4
8

0
.0
4
1
9
.6
2

0
.0
2
0
.0
1
8
.9
4
0
.5
1
8
.1
9
5
8
8
0
0
9
3
7
2
8
3
6
7
5
7
7
0
2
..
..
..
..
..
..
..
..
..
1
7
4
.9
4
9
5
7
6
3
.1
5
3
1
3
0
.2
4
5
1
0
.4
1
1
.9
8
9
.0
2
2
0
.2
9

0
.2
3
2
0
.4
7

0
.1
4
1
.5
9
1
0
.4
0
1
.1
1
..
.
5
8
7
7
2
5
8
1
6
4
1
2
7
6
6
3
8
7
..
..
..
..
..
..
..
..
..
1
8
0
.2
0
3
4
0
6
6
.4
3
5
4
6
0
.1
2
0
1
0
.3
5
8
.3
6
7
.7
1
1
8
.7
3

0
.1
0
1
8
.6
1

0
.0
6
1
.8
6
1
1
.0
5
0
.7
1
9
.1
0
5
8
7
7
2
8
6
7
7
3
9
5
2
3
4
9
8
7
..
..
..
..
..
..
..
..
..
1
8
9
.5
9
7
5
6
6
4
.2
0
0
4
7
0
.2
1
2
1
0
.3
8
1
0
.1
7
7
.5
7
2
0
.0
0

0
.2
1
1
9
.8
7

0
.1
1
0
.2
5
1
1
.1
2
0
.9
7
..
.
5
8
7
7
2
8
6
7
7
9
3
2
1
0
5
8
2
1
..
..
..
..
..
..
..
..
..
1
8
9
.8
8
0
3
3
6
4
.6
8
4
9
9
0
.1
3
3
1
0
.5
0
1
.4
8
9
.3
6
1
8
.6
0

0
.1
1
..
.
0
.5
2
9
.8
3
0
.9
4
8
.6
2
5
8
7
7
2
5
5
5
2
8
2
7
1
0
5
2
9
1
..
..
..
..
..
..
..
..
..
2
0
8
.4
8
2
8
9
6
6
.8
0
0
1
5
0
.1
9
8
1
0
.6
6
1
.8
9
9
.3
1
1
9
.1
6

0
.1
3
1
8
.4
8

0
.0
5
0
.8
4
9
.9
9
1
.7
1
8
.7
2
5
8
8
8
4
8
8
9
9
9
3
0
1
9
4
1
0
9
..
..
..
..
..
..
..
..
..
2
1
9
.9
6
7
8
0
0
.0
7
3
3
5
0
.2
0
3
1
0
.3
4
1
0
.9
9
7
.4
6
2
0
.0
1

0
.0
8
1
9
.7
7

0
.0
4
2
.3
7
1
0
.9
1
0
.6
9
..
.
5
8
7
7
2
5
5
7
5
8
8
8
6
3
4
1
0
3
..
..
..
..
..
..
..
..
..
2
6
0
.1
1
7
9
5
5
9
.2
2
8
2
7
0
.2
2
1
1
0
.4
6
1
2
.5
4
7
.4
7
1
9
.9
2

0
.0
6
..
.
2
.3
9
1
1
.4
0
0
.1
7
..
.
5
8
7
7
2
5
5
7
5
8
8
8
6
3
4
0
8
1
..
..
..
..
..
..
..
..
..
2
6
0
.1
8
8
3
9
5
9
.2
7
1
5
8
0
.1
5
4
1
0
.3
1
7
.5
0
7
.7
6
1
9
.4
2

0
.0
4
1
9
.0
0

0
.0
2
2
.3
4
1
0
.6
6
0
.8
2
9
.0
2
5
8
7
7
2
5
5
7
6
4
2
5
5
0
5
1
2
3
..
..
..
..
..
..
..
..
..
2
6
1
.1
1
2
4
0
5
9
.2
8
9
2
5
0
.2
5
5
1
0
.5
0
9
.4
2
7
.7
5
2
0
.1
7

0
.0
6
1
9
.8
3

0
.0
4
0
.8
4
1
1
.3
1
0
.9
6
..
.
5
8
7
7
3
0
8
4
7
9
6
0
9
2
4
8
3
3
..
..
..
..
..
..
..
..
..
3
1
2
.5
0
0
0
6
0
.5
2
3
5
5
0
.1
6
4
1
0
.3
7
0
.6
0
1
0
.0
1
1
9
.4
2

0
.2
3
1
9
.6
7

0
.1
8
1
.4
7
1
0
.6
5
0
.9
3
..
.
448
T
A
B
L
E
1
—
C
o
n
ti
n
u
ed
S
D
S
S
O
b
jI
D
(1
)
R
.A
.
(d
eg
)
(2
)
D
ec
l.
(d
eg
)
(3
)
R
ed
sh
if
t
(4
)
lo
g
L
1
5
3
0
(L
)
(5
)
r 5
0
;u
(k
p
c)
(6
)
lo
g
I 1
5
3
0
(L

k
p
c
2
)
(7
)
F
U
V
(m
ag
)
(8
)
N
U
V
(m
ag
)
(9
)
A
1
5
3
0
(m
ag
)
(1
0
)
lo
g
M

(M
)
(1
1
)
lo
g
S
F
R
(M

y
r
1
)
(1
2
)
1
2
þ
lo
g
(O
/H
)
(1
3
)
5
8
7
7
3
0
8
4
6
8
8
7
7
0
7
4
7
8
..
..
..
..
..
..
..
..
..
3
1
3
.7
9
3
4
0
0
.3
1
7
4
9
0
.1
9
8
1
0
.4
1
2
.5
2
8
.8
1
1
9
.7
8

0
.2
4
1
8
.7
4

0
.0
9
1
.0
9
1
0
.2
5
1
.0
0
8
.7
4
5
8
7
7
3
0
8
4
7
9
6
2
1
0
4
3
1
3
..
..
..
..
..
..
..
..
..
3
1
5
.1
9
7
4
8
0
.5
5
5
8
9
0
.2
5
4
1
0
.5
9
6
.3
2
8
.1
9
1
9
.9
3

0
.2
4
1
9
.8
5

0
.1
4
1
.2
6
1
1
.2
5
1
.3
3
..
.
5
8
7
7
3
0
8
4
8
4
9
9
2
3
7
0
4
4
..
..
..
..
..
..
..
..
..
3
1
5
.8
4
9
5
8
0
.9
9
8
8
1
0
.1
7
7
1
0
.3
2
7
.5
1
7
.7
7
1
9
.7
2

0
.3
1
1
9
.5
3

0
.1
7
4
.2
2
1
1
.1
5
1
.5
1
..
.
5
8
7
7
2
7
2
1
2
2
7
1
5
6
7
2
9
8
..
..
..
..
..
..
..
..
..
3
1
7
.7
0
8
9
5
8
.0
11
8
0
0
.2
11
1
0
.3
9
2
1
.7
4
6
.9
2
1
9
.9
8

0
.0
8
1
9
.7
6

0
.0
4
6
.3
7
1
1
.1
5
0
.6
3
..
.
5
8
7
7
3
0
8
4
7
4
2
8
5
1
0
3
2
4
..
..
..
..
..
..
..
..
..
3
2
2
.7
6
9
5
3
0
.0
9
7
7
9
0
.1
7
8
1
0
.3
3
7
.7
6
7
.7
5
1
9
.7
2

0
.1
8
1
9
.6
5

0
.1
2
2
.2
5
1
0
.5
6
0
.9
3
9
.0
6
5
8
7
7
3
0
8
4
6
8
9
1
7
0
4
7
0
3
..
..
..
..
..
..
..
..
..
3
2
2
.8
9
3
1
9
0
.3
0
2
8
8
0
.2
1
3
1
0
.6
6
1
0
.8
4
7
.7
9
1
9
.3
3

0
.1
4
1
9
.8
4

0
.1
6
2
.3
7
1
1
.4
4
0
.6
3
..
.
5
8
7
7
2
7
2
1
2
2
7
3
9
9
2
0
0
7
..
..
..
..
..
..
..
..
..
3
2
3
.2
7
8
5
9
8
.5
9
3
9
9
0
.2
1
7
1
0
.5
1
9
.7
2
7
.7
4
1
9
.7
6

0
.1
9
2
0
.1
7

0
.1
3
3
.0
8
1
1
.1
6
0
.7
0
..
.
5
8
7
7
3
1
1
8
6
7
2
5
8
1
4
6
9
0
..
..
..
..
..
..
..
..
..
3
2
5
.8
3
5
3
3
0
.2
5
1
3
9
0
.1
6
9
1
0
.3
7
1
3
.4
8
7
.3
1
1
9
.5
0

0
.1
9
1
9
.1
6

0
.1
3
0
.0
0
1
1
.3
7
0
.6
0
..
.
5
8
7
7
3
1
1
8
7
7
9
9
6
8
7
6
8
3
..
..
..
..
..
..
..
..
..
3
2
6
.0
6
9
1
8
1
.0
9
5
5
1
0
.2
4
3
1
0
.4
8
1
1
.4
1
7
.5
7
2
0
.1
1

0
.2
3
1
9
.9
9

0
.1
7
0
.8
5
1
1
.0
6
1
.1
2
9
.2
7
5
8
7
7
3
1
1
8
7
7
9
9
7
5
3
0
1
5
..
..
..
..
..
..
..
..
..
3
2
6
.2
5
1
0
7
1
.1
9
9
3
3
0
.2
0
4
1
0
.3
9
0
.7
7
9
.8
2
1
9
.9
1

0
.2
2
1
9
.2
4

0
.1
1
1
.3
2
1
0
.1
2
1
.4
7
8
.8
6
5
8
7
7
2
6
8
7
7
8
0
8
5
9
1
2
1
1
..
..
..
..
..
..
..
..
..
3
3
3
.1
8
1
2
4
9
.0
0
3
9
0
0
.2
4
7
1
0
.4
0
1
2
.6
7
7
.4
0
2
0
.3
5

0
.2
5
1
9
.9
8

0
.1
2
0
.7
1
1
1
.0
8
0
.8
2
..
.
5
8
7
7
2
6
8
7
9
9
5
8
3
0
2
9
7
0
..
..
..
..
..
..
..
..
..
3
3
8
.3
2
7
9
4
7
.7
3
7
2
4
0
.2
1
0
1
0
.3
9
1
1
.1
8
7
.4
9
1
9
.9
7

0
.2
3
1
9
.3
8

0
.1
5
1
.0
9
1
1
.0
2
0
.9
0
..
.
5
8
7
7
2
6
8
7
7
8
11
6
0
5
7
2
3
..
..
..
..
..
..
..
..
..
3
4
0
.0
3
1
0
7
9
.6
3
1
5
7
0
.1
5
4
1
0
.4
2
1
1
.1
7
7
.5
3
1
9
.1
4

0
.2
0
1
9
.4
6

0
.1
4
2
.1
9
1
0
.9
7
0
.5
4
..
.
5
8
7
7
2
6
8
7
7
2
7
4
8
0
0
3
1
4
..
..
..
..
..
..
..
..
..
3
4
0
.1
5
9
9
4
1
0
.0
9
9
3
3
0
.0
8
4
1
0
.3
7
8
.6
2
7
.7
0
1
7
.8
5

0
.1
0
1
7
.7
2

0
.0
6
3
.2
7
1
0
.5
5
0
.0
2
..
.
5
8
7
7
3
0
8
1
5
7
5
2
6
6
7
3
2
1
..
..
..
..
..
..
..
..
..
3
4
0
.1
8
5
2
4
1
0
.2
7
4
5
3
0
.2
5
7
1
0
.5
1
6
.5
5
8
.0
8
2
0
.1
8

0
.2
9
1
9
.9
8

0
.2
1
3
.2
9
1
0
.7
6
1
.3
7
..
.
5
8
7
7
3
0
8
1
7
3
6
5
2
4
5
9
7
9
..
..
..
..
..
..
..
..
..
3
4
4
.7
2
6
5
6
9
.3
4
2
1
4
0
.1
1
6
1
0
.5
0
3
.4
0
8
.6
4
1
8
.3
0

0
.0
9
1
7
.8
4

0
.0
4
0
.6
7
9
.9
7
1
.1
5
8
.6
5
5
8
7
7
3
1
1
8
7
8
0
8
7
3
1
2
0
5
..
..
..
..
..
..
..
..
..
3
4
6
.7
6
5
6
2
1
.2
1
9
7
8
0
.1
2
6
1
0
.4
3
0
.7
1
9
.9
3
1
8
.6
6

0
.0
2
1
8
.2
7

0
.0
1
0
.6
5
1
0
.1
5
0
.9
2
8
.8
2
5
8
7
7
3
1
1
8
7
8
0
9
0
5
9
0
1
2
..
..
..
..
..
..
..
..
..
3
4
7
.5
1
7
3
6
1
.1
7
9
0
8
0
.2
0
7
1
0
.4
1
6
.1
8
8
.0
3
1
9
.8
8

0
.2
0
1
9
.7
5

0
.1
3
2
.1
9
1
1
.1
0
1
.0
6
9
.1
6
5
8
8
0
1
5
5
0
8
1
9
1
0
5
1
9
0
3
..
..
..
..
..
..
..
..
..
3
4
9
.5
5
4
1
7
0
.6
9
0
6
0
0
.2
5
2
1
0
.8
5
2
.4
0
9
.2
9
1
9
.2
7

0
.0
4
1
8
.8
2

0
.0
2
0
.7
6
9
.9
2
1
.5
6
8
.6
8
5
8
7
7
3
1
1
8
6
7
3
6
3
6
5
8
1
3
..
..
..
..
..
..
..
..
..
3
4
9
.9
0
4
4
2
0
.2
2
8
4
2
0
.1
8
5
1
0
.7
4
2
0
.0
0
7
.3
4
1
8
.7
9

0
.0
3
1
9
.6
3

0
.0
3
..
.
1
0
.8
5
0
.5
0
..
.
5
8
7
7
3
1
1
8
7
2
7
3
8
9
2
0
4
8
..
..
..
..
..
..
..
..
..
3
5
1
.4
1
3
4
5
0
.7
5
2
0
0
0
.2
7
7
1
0
.5
2
1
.0
6
9
.6
7
2
0
.3
2

0
.0
6
2
0
.2
0

0
.0
3
0
.7
3
9
.3
1
0
.7
8
8
.6
1
5
8
7
7
3
1
1
8
7
8
11
5
4
9
3
4
7
..
..
..
..
..
..
..
..
..
3
5
3
.2
1
6
9
2
1
.2
3
2
7
9
0
.1
8
7
1
0
.3
3
6
.8
5
7
.8
6
1
9
.8
4

0
.2
4
2
0
.0
3

0
.1
8
1
.4
8
1
0
.3
3
0
.6
4
9
.0
6
5
8
7
7
3
1
1
8
6
7
3
7
9
3
8
5
6
4
..
..
..
..
..
..
..
..
..
3
5
3
.4
6
3
9
9
0
.2
8
0
7
5
0
.1
9
8
1
0
.5
0
7
.9
6
7
.9
0
1
9
.5
6

0
.1
9
1
9
.2
7

0
.1
2
1
.1
7
1
0
.5
6
1
.6
1
8
.9
6
5
8
7
7
3
1
1
8
6
7
3
8
2
6
6
3
4
9
..
..
..
..
..
..
..
..
..
3
5
4
.3
0
2
6
4
0
.2
7
7
6
3
0
.2
1
2
1
0
.5
1
8
.1
5
7
.8
9
1
9
.6
9

0
.1
9
1
9
.6
0

0
.1
0
2
.3
6
1
0
.3
7
0
.9
4
8
.9
9
5
8
8
0
1
5
5
0
9
2
6
6
8
9
0
9
2
5
..
..
..
..
..
..
..
..
..
3
5
4
.4
11
6
2
0
.0
5
1
3
4
0
.1
8
6
1
0
.3
1
8
.3
5
7
.6
7
1
9
.8
7

0
.2
0
2
0
.3
9

0
.1
5
3
.0
9
1
0
.5
9
0
.4
5
..
.
5
8
8
0
1
5
5
1
0
3
4
2
4
0
2
1
8
4
..
..
..
..
..
..
..
..
..
3
5
8
.4
4
8
7
3
0
.9
0
0
6
1
0
.2
2
3
1
0
.4
8
2
.1
7
9
.0
1
1
9
.8
9

0
.1
9
2
0
.0
3

0
.1
4
0
.2
7
9
.5
5
0
.5
3
8
.2
2
5
8
8
0
1
5
5
1
0
3
4
2
4
6
8
0
8
2
..
..
..
..
..
..
..
..
..
3
5
8
.5
7
8
0
0
0
.9
4
1
6
7
0
.2
3
2
1
0
.4
2
1
1
.3
8
7
.5
1
2
0
.1
3

0
.2
2
2
0
.2
3

0
.1
6
1
.0
7
1
0
.7
1
1
.0
4
9
.0
7
5
8
7
7
2
7
2
2
5
1
5
2
7
3
3
1
9
1
..
..
..
..
..
..
..
..
..
3
5
8
.7
0
6
3
6
1
0
.9
7
8
4
5
0
.1
2
1
1
0
.3
5
1
.8
9
9
.0
0
1
8
.7
6

0
.1
2
1
8
.3
8

0
.0
6
0
.7
4
1
0
.0
8
0
.9
4
8
.6
2
5
8
8
0
1
5
5
0
9
2
6
9
0
5
3
5
8
9
..
..
..
..
..
..
..
..
..
3
5
9
.3
0
8
6
2
0
.1
4
5
7
5
0
.2
6
2
1
0
.3
8
7
.6
9
7
.8
1
2
0
.5
3

0
.2
6
1
9
.5
6

0
.1
2
2
.3
2
1
1
.0
1
1
.5
9
8
.8
9
N
o
te
s.
—
U
V
L
G
sa
m
p
le
.
C
o
l.
(1
):
S
D
S
S
O
b
je
ct
ID
n
u
m
b
er
.
C
o
l.
(2
):
R
ig
h
t
as
ce
n
si
o
n
(J
2
0
0
0
.0
).
C
o
l.
(3
):
D
ec
li
n
at
io
n
(J
2
0
0
0
.0
).
C
o
l.
(4
):
R
ed
sh
if
t
fr
o
m
S
D
S
S
p
ip
el
in
e.
C
o
l.
(5
):
L
o
g
o
f
F
U
V
lu
m
in
o
si
ty
(c
o
rr
ec
te
d
fo
r
G
al
ac
ti
c
ex
ti
n
ct
io
n
).
C
o
l.
(6
):
S
ee
in
g
-c
o
rr
ec
te
d
h
al
f-
li
g
h
t
ra
d
iu
s
in
u
b
an
d
.
C
o
l.
(7
):
L
o
g
o
f
F
U
V
su
rf
ac
e
b
ri
g
h
tn
es
s
(c
o
rr
ec
te
d
fo
r
G
al
ac
ti
c
ex
ti
n
ct
io
n
).
C
o
l.
(8
):
F
U
V
m
ag
n
it
u
d
e
(c
o
rr
ec
te
d
fo
r
G
al
ac
ti
c
ex
ti
n
ct
io
n
).
C
o
l.
(9
):
N
U
V
m
ag
n
it
u
d
e
(c
o
rr
ec
te
d
fo
r
G
al
ac
ti
c
ex
ti
n
ct
io
n
).
C
o
l.
(1
0
):
F
U
V
at
te
n
u
at
io
n
u
si
n
g
th
e
B
al
m
er
d
ec
re
m
en
t
m
ea
su
re
d
o
n
th
e
S
D
S
S
sp
ec
tr
a,
an
d
th
e
C
al
ze
tt
i
(2
0
0
1
)
st
ar
b
u
rs
t
at
te
n
u
at
io
n
la
w
.
C
o
l.
(1
1
):
L
o
g
o
f
st
el
la
r
m
as
s
d
et
er
m
in
ed
v
ia
S
E
D
fi
tt
in
g
.
C
o
l.
(1
2
):
L
o
g
o
f
ex
ti
n
ct
io
n
-c
o
rr
ec
te
d
st
ar
fo
rm
at
io
n
ra
te
d
et
er
m
in
ed
v
ia
S
E
D
fi
tt
in
g
.
C
o
l.
(1
3
):
M
et
al
li
ci
ty
u
si
n
g
th
e
T
re
m
o
n
ti
et
al
.
(2
0
0
4
)
m
et
h
o
d
.
449
This implies that the UVLGs span a similarly large range of size.
This is confirmed in Figure 5, which plots the luminosity against
the half-light radius. UVLGs range in half-light radius from<1 to
>20 kpc. The dotted lines in Figure 5 show a constant surface
brightness of 108 and 109L kpc2, the latter being the lower limit
seen in LBGs at z ¼ 3 (Giavalisco 2002). Only a fraction of the
UVLGs have surface brightnesses that rival those of LBGs, even
though they all have LBG-like luminosities.
The FUV surface brightness is related to the star formation in-
tensity, i.e., the star formation rate per unit area. Figures 4 and 5
show then that only a subset of the UVLGs are luminous because
they have high star formation intensities. The rest owe their high
luminosities to their large size; i.e., they have modest levels of
star formation intensity spread over a large area.
This is also apparent in Figure 3, which shows more clearly
the correlation between surface brightness and stellar mass noted
above. The UVLGs with low surface brightness are the most
massive, while the high surface brightness UVLGs are low-mass
systems. The typical mass and surface brightness range of LBGs
is shown in the figure (Shapley et al. 2001; Papovich et al. 2001;
Giavalisco 2002). Figures 3Y5 illustrate the fact that UVLGs
span a continuous range of properties; i.e., there is no clear de-
marcation between the large and compact samples. The division
of the samples at a surface brightness of I1530 > 10
8 L kpc2 is
an arbitrary boundary.
4.2. Star Formation and Attenuation by Dust
Figure 6 shows the FUV-r color and NUV-r color for the 215
UVLGs as a function of surface brightness. Both colors are well
correlatedwith surface brightness, with the brightest galaxies hav-
ing the bluest color. This agrees with the idea that the UV-optical
colors are sensitive to the ratio of current to past star formation.
Salim et al. (2005) showed that the NUV-r in particular is a good
tracer of the star formation rate parameter b, which is the current
SFR divided by the past-average SFR. The blue color of the high
surface brightness UVLGs can be understood if they are un-
dergoing intense starbursts that are much more significant than
the past average rate of star formation. The FUV surface bright-
ness appears to be a good indicator of star formation intensity for
UV-selected galaxies. The typical colors of LBGs are also in-
dicated in the plot (Shapley et al. 2001; Papovich et al. 2001;
Giavalisco 2002).
Figure 7 shows the FUV surface brightness versus the specific
star formation rate (star formation rate normalized by stellar mass).
The extinction-corrected star formation rates were determined
by SED model fitting. We have also calculated star formation
rates using the H luminosity in the SDSS spectra using the rec-
ipe given in Kennicutt (1998); these values generally agree within
a factor of 2, which is quite good considering that the H mea-
surements were taken through 300 fibers. The specific star forma-
tion rate relates the current to past star formation, and the inverse
of this quantity is the ‘‘galaxy building time,’’ the time it would
take to build up the current stellar mass at the current SFR. The
specific star formation rate is clearly correlated with the FUV sur-
face brightness, with the high surface brightness systems gener-
ally having the highest specific SFRs and short building times,
indicating that these are starburst systems. The largeUVLGs have
galaxy building times of roughly a Hubble time, as expected for a
galaxy that has been built up over the age of the universe at a
constant or slowly varying rate of star formation. Galaxy building
times of less than 1 Gyr are typical for LBGs (Shapley et al. 2001;
Papovich et al. 2001; Giavalisco 2002), and the high surface
brightness UVLGs overlap this range. However, some of the high
surface brightness systems have lower specific SFRs and longer
building times than typical LBGs, which suggests that they have
had significant star formation prior to the current burst. Spitzer
imaging of LBGs indicates that they do not have significant pop-
ulations of older stars (Barmby et al. 2004), suggesting that LBGs
are undergoing their first major burst of star formation. If this is
the case, then these systems with longer building times may not
Fig. 4.—FUV surface brightness vs. FUV luminosity for 215 UVLGs in the
GR1/DR3 sample. FUV luminosity (L1530) is defined as kPk at 15308. FUV sur-
face brightness is defined as I1530 ¼ L1530/(2r250;u), where r50;u is the SDSS
u-band half-light radius.
Fig. 5.—Half-light radius in theSDSSubandvs. FUV luminosity for 215UVLGs
in theGR1/DR3 sample. FUV luminosity (L1530) is defined as kPk at 15308. The
upper dotted line shows a constant surface brightness of 108 L kpc2, which is
our chosen boundary between large and compactUVLGs, and the lower dotted line
shows I1530 ¼ 109 L kpc2, which is the lower boundary of values seen in typical
LBGs at z ¼ 3 (Giavalisco 2002).
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be true analogs for LBGs. However, there is a significant fraction
of the high surface brightness systems that fall in the boundaries
set by the LBGs, and these may be excellent analogs.
Figure 8 shows the FUV attenuation as a function of surface
brightness. The FUVattenuation was determined using the Balmer
decrement and the Calzetti (2001) starburst attenuation law. The
compact UVLGs are in the range A1530  2, indicating that a
relatively large fraction (>10%) of the UV light escapes. The
large UVLGs are mostly in the range from 0 to >4magnitudes of
attenuation. Figure 8 shows that compact UVLGs have a lower
amount of attenuation on average than do large UVLGs, and the
higher surface brightness compact UVLGs have still lower av-
erage extinction values. We note that this method of determin-
ing attenuation values uses the SDSS fiber spectra and may be
sensitive to aperture effects. The fibers capture most of the light
from the compact UVLGs, so this should only be an issue for the
large UVLGs, where we are measuring the attenuation in the cen-
tral core of the galaxy. Figure 8 also shows the typical range of
FUVattenuation seen in LBGs (Shapley et al. 2001; Papovich
et al. 2001).
4.3. Metallicity
Figure 9 shows two determinations of the mass versus met-
allicity relation for the entire GR1/DR3 sample. The left panel
shows the relation determined via the method of Tremonti et al.
(2004). This method makes use of a grid of models, which com-
bine the Bruzual & Charlot (2003) population synthesis code
with photoionization models of H ii regions. Themethodology is
described in detail in Charlot & Longhetti (2001). Metallicities
are constrained by fitting all the strong emission lines in the
SDSS spectra. Only 129 of the UVLGs have metallicity deter-
minations from the SDSS spectra because galaxies with an AGN
contribution to their spectra were excluded. The well-known
mass-metallicity relation (Tremonti et al. 2004) is apparent in
Figure 9, and the best fit to the Tremonti et al. sample is shown as
a dotted line. The UVLGs also show a relation betweenmass and
metallicity, but it is offset from the general sample. At high
masses (>1010.5M) most of the UVLGs have metallicities sim-
ilar to those of normal galaxies.Most of these objects are the large
UVLGs, which we have argued are just the UV-bright tail of the
Fig. 6.—Left: FUV-r color vs. FUV surface brightness for 215 UVLGs in the GR1/DR3 sample. FUV surface brightness is defined as I1530 ¼ L1530/(2r250;u), where
r50;u is the SDSS u-band half-light radius. The dotted line shows the boundaries of FUV-r color and surface brightness for typical LBGs. Right: NUV-r color vs. FUV
surface brightness for 215 UVLGs in the GR1/DR3 sample.
Fig. 7.—FUV surface brightness vs. specific star formation rate (extinction-
corrected star formation rate divided by stellarmass) for 215UVLGs in theGR1/DR3
sample. The stellar mass and star formation rate were determined via SED fitting.
FUV surface brightness is defined as I1530 ¼ L1530/(2r250;u), where r50;u is the SDSS
u-band half-light radius. The boundaries of specific SFR and surface brightness for
typical LBGs aremarked (the small region in the upper right outlined by a dotted line),
as is the value of the Hubble time for our chosen cosmology.
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population of normal high-mass star-forming galaxies. Their re-
latively normal metallicities support this idea. At lower masses
(where the sample is primarily the compact UVLGs), the slope of
the mass-metallicity relation for the UVLGs is significantly
steeper than that of the overall galaxy population. In the mass
range 109Y1010 M, the compact UVLGs have metallicities a
factor of 2Y3 lower than those of normal galaxies of the same
mass.
Selection on the basis of high UV luminosity could clearly
bias the sample against dusty objects, and the dust/gas ratio will
be larger for higher metallicity. Thus, selection effects could make
a UV-bright sample have systematically lower metallicity. While
such an effect may be present, it does not explain the mass de-
pendence of the offset between the mass-metallicity relation for
the sample as a whole, and that of the UVLGs.
It is very interesting to compare the mass-metallicity relation
for the UVLGs to what is found for UV-bright galaxies at higher
redshifts. The form of the mass-metallicity relation for the UVLGs
is similar to that found by Savaglio et al. (2005), who investigated a
sample of star-forming galaxies at z ¼ 0:7. Their relation is shown
in Figure 9 (left). They interpreted the change in the form of the
mass-metallicity relation from z  0:1 to 0.7 in terms of the
‘‘down-sizing’’ of the galaxy population. Massive galaxies have
essentially the same metallicity at z  0:1 and0.7 because this
population has already come near the endpoint of its evolution
by z  0:7. The strong chemical evolution at late times seen in
the low-mass galaxies is because they are still converting sig-
nificant mass from gas into stars at the present time. Applied to
the compact UVLGs, this would suggest that they are relatively
unevolved compared to typical galaxies of the same mass. Al-
ternatively, perhaps the compact UVLGs are UV-bright because
they are experiencing a burst of star formation triggered by the
infall of metal-poor gas.
Fig. 9.—Left : Dependence of metallicity on stellar mass. The O/H estimates were derived from the SDSS spectra using the technique described in Tremonti et al.
(2004), and the stellar mass was determined via SED fitting (Salim et al. 2005). The contours represent 10,002 galaxies in the GR1/DR3 sample that have goodmetallicity
measurements. The individual galaxies in the UVLG sample are shown as points in the plot. Open circles are UVLGs with I1530 < 10
8 L kpc2 ( large UVLGs), and
filled circles are UVLGs with 108 L kpc2 < I1530 < 108 L kpc2 (compact UVLGs). UVLGs with I1530 > 109 L kpc2 (supercompact UVLGs) are denoted
as plus signs. The dotted line is the best fit to the Tremonti et al. (2004) sample, and the dashed line is the fit from Savaglio et al. (2005). Right: Same as the left panel, but
using the N2 method as calibrated by Pettini & Pagel (2004). The dashed line is from Erb et al. (2006a), which is the Tremonti et al. (2004) fit displaced downward by
0.56 dex.
Fig. 8.—Attenuation of the FUV continuum vs. FUV surface brightness for
the 210 UVLGs in the GR1/DR3 sample with good line flux measurements.
FUV surface brightness is defined as I1530 ¼ L1530/(2r250;u), where r50;u is the SDSS
u-band half-light radius. The FUVattenuation was determined using the Balmer
decrement in the SDSS spectra and the Calzetti (2001) starburst attenuation law,
in whichE(B V )cont ¼ 0:44E(B V )lines. Four large UVLGs are not shown be-
cause they have no emission lines in the SDSS fiber spectra, and one supercompact
UVLGhas an apparent anomaly in the spectrumnearH. The dotted line shows the
boundaries of FUVattenuation and surface brightness for typical LBGs.
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Erb et al. (2006a) have measured the mass-metallicity relation
for LBGs at z  2. They find that this relation has evolved con-
siderably compared to the local universe, with LBGs having sys-
tematically lower metallicities than present-day galaxies by a
factor of about 2 for all masses. Erb et al. estimate metallicity
using the N2 method, which uses the [N ii]/H ratio, as cali-
brated by Pettini & Pagel (2004). The resulting metallicities are
known to be systematically lower than those obtained using the
Tremonti et al. (2004) method. To fairly compare the UVLGs and
LBGs, we also plot our mass-metallicity relation based on the
Pettini & Pagel (2004) method (Fig. 9, right). While the shape
of the relation changes, the offset of the compact UVLGs from the
rest of the galaxy population at lowmass remains. The dashed line
shows the relation for LBGs from Erb et al. (2006a). At low
masses (<1010.5M) the compact UVLGs and LBGs have similar
metallicity. At higher masses the UVLGs are more metal-rich
(including the compact UVLGs). Erb et al. interpret the relation
for the LBGs in terms of the loss of metals by supernova-driven
winds that is occurring at all masses. Results by Shapley et al.
(2005) suggest that this may also be true at redshifts as low as
1Y1.5 (Shapley et al. 2005). This contrasts with themass-dependent
loss of metals inferred for the local galaxy population (Tremonti
et al. 2004). The form of the mass-metallicity relation for the
UVLGs suggests mass-dependent metal loss. We will consider
this idea in detail in a future paper.
Figure 10 shows the metallicity of the ionized gas, determined
from the SDSS spectra (Tremonti et al. 2004), in UVLGs as a
function of FUV surface brightness. There is a clear trend of in-
creasing metallicity with decreasing surface brightness. Given
the connection between surface brightness and mass previously
discussed (see Fig. 3), this is likely a reflection of the mass-
metallicity correlation. The high surface brightness galaxies have
the lowest metallicity, and this metallicity is typical of that found
in LBGs (Shapley et al. 2004; Erb et al. 2006a).
4.4. Active Galactic Nuclei
Figure 11 is a diagnostic diagram that uses line ratios to differ-
entiate between AGNs and star formationYdominated systems
(Baldwin et al. 1981). The dashed line in the figure shows the
line of demarcation determined by Kauffmann et al. (2003a) for
SDSS galaxies, where galaxies below the line are dominated by
star formation. The UVLGs are shown in the figure as large cir-
cles, with filled circles denotingUVLGswith I1530 > 10
8 L kpc2
and plus signs denoting UVLGs with I1530 > 10
9 L kpc2. Of
the 104 compact (and supercompact) UVLGs in this plot, 22 are
classified as AGNs or transition objects, roughly 21%, compared
to 33% of the entire sample in the compact UVLG mass range
(9:0 M  logM  11:0M). About 34% of the large UVLGs
in this diagram (I1530 < 10
8 L kpc2) are classified as AGNs (36
of 106), while for the entire sample in this mass range (10:3 M 
logM  11:7M) the fraction is 54%. This differencemay reflect
the fact that it can be more difficult to recognize a type II AGN in
a starburst due to the strong emission lines produced by star for-
mation. The majority of UVLGs have the line ratios of normal
star-forming galaxies. Note that type I AGNs have been removed
from the GR1/DR3 sample because the AGNs would contribute
significantly to the UV luminosity.
5. DISCUSSION
5.1. Large and Compact UVLGs
The most luminous galaxies in the ultraviolet (L1530 > 2 ;
1010 L) are a diverse population spanning a wide range of prop-
erties. Most of these properties are correlated at some level with
the FUV surface brightness, which reflects the star formation rate
per unit area. It is informative to use the surface brightness dis-
tribution to divide the UVLGs into two groups, ‘‘large’’ and
‘‘compact.’’
Fig. 10.—FUV surface brightness vs.metallicity for 129UVLGs in theGR1/DR3
sample that have good metallicity measurements (galaxies with an AGN contri-
bution to their spectra were removed). FUV surface brightness is defined as I1530 ¼
L1530/(2r
2
50;u), where r50;u is the SDSS u-band half-light radius. The O/H estimate
is derived from the SDSS spectra (Tremonti et al. 2004). The dotted line shows
the boundaries of 12þ log (O/H) and surface brightness for typical LBGs.
Fig. 11.—BPT diagram (Baldwin et al. 1981) for the 23,400 galaxies with
good line flux measurements in the DR3/GR1 sample. The dashed curve shows
the demarcation between starburst andAGNdefined byKauffmann et al. (2003c).
The large circles and plus signs are UVLGs. There are 106 large UVLGs (open
circles), 70 compact UVLGs ( filled circles), and 34 supercompact UVLGs ( plus
signs) shown in this plot. Four large UVLGs are not shown because they have no
emission lines in the SDSS fiber spectra, and one supercompact UVLG has an
apparent anomaly in the spectrum near H.
UV-LUMINOUS GALAXIES DISCOVERED BY GALEX 453No. 2, 2007
The large UVLGs at the low surface brightness end are very
massive spirals. They have stellarmasses ofM > 1010:5 M, com-
parable tomassive spirals in the local universe. They have half-light
radii of 5Y30 kpc. They are at the extreme end of the UV lumi-
nosity distribution, an indication that they have high global star
formation rates. However, this high luminosity is a result of re-
latively modest star formation intensity spread out over a large
area. They seem to share many of the characteristics of normal
spirals but extend this population to high UV luminosity. By se-
lecting the most luminous galaxies we have found the tail of the
distribution of massive spirals.
The compact UVLGs at the high surface brightness end are
systemswith intense star formation in a relatively compact region.
They are lower mass systems (M < 1010:5 M) with half-light
radii of 1Y5 kpc. They have high specific star formation rates, sug-
gesting that they may be experiencing their first major burst of star
formation. They are generally metal-poor compared to the large
UVLGs.
Figures 1 and 2 illustrate the basic differences between large
and compact UVLGs. These figures show that the large UVLGs
can be understood as the high-luminosity end of the distribution
of normal galaxies. They are extremely luminous, but this ismostly
a reflection of their large size. On the other hand, the compact
UVLGs deviate from the trends established by the full sample, in
that they are very luminous but not very large. Their high lumi-
nosity reflects an extremely high surface brightness in a relatively
small region. This behavior sets them apart from the rest of the
galaxies and suggests that compact UVLGs are a distinct pop-
ulation of galaxies.
5.2. Local Analogs of Lyman Break Galaxies
One of the initial goals of this investigation was to find nearby
galaxies with properties most similar to LBGs. To do this, we
have defined a surface brightness cutoff at I1530 > 10
9 L kpc2,
which is the lower limit of UV surface brightness seen in typical
LBGs (Giavalisco 2002). Table 2 shows that the galaxies in this
sample (supercompact UVLGs) share all of the characteristics
of LBGs that are considered in this paper, including UV lumi-
nosity, mass, star formation rate, specific star formation rate, UV
attenuation, and metallicity. Like LBGs, they are compact sys-
tems undergoing intense star formation.
The question of whether this is the first major episode of star
formation that these galaxies have undergone is crucial to de-
termining how similar they are to LBGs. Spitzer observations of
LBGs in the rest-frame near-IR have shown that they do not con-
tain a previously hidden population of older, low-mass stars
(Barmby et al. 2004). The UV-optical colors of many of the com-
pact UVLGs suggest that this may be the first major episode of
star formation that these galaxies have experienced (see Fig. 7).
Near-infrared observations are necessary to fully trace the pop-
ulation of old stars. Such observations have been carried out with
Spitzer and will be reported in a forthcoming paper. The current
UV-optical data, however, suggest that the compact UVLGs are
indeed excellent local analogs to LBGs. Further study of these
remarkable objects can provide crucial information about star
formation in the early universe. Toward this end we are currently
analyzingHubble Space Telescope data (in addition to our Spitzer
data) in order to study the morphologies, dust content, and stellar
populations of compact UVLGs. The results from these studies
will be presented in future papers.
Whether or not the highest surface brightness UVLGs are
indeed analogs of LBGs, they are distinct from any previously
studied population of galaxies in the local universe. They are
much more luminous in the UV (and thus have much higher star
formation rates) than blue compact dwarf galaxies (BCDGs) and
have higher UV surface brightnesses (and thus star formation
rates per unit area) than local starburst galaxies. For example,
while I Zw 18, the prototypical BCDG, has an FUV surface bright-
ness of I1530 ¼ 8:2 ; 107 L kpc2, which is close to the bound-
ary for compactUVLGs, its FUV luminosityL1530 ¼ 1:7 ; 108 L,
more than 2 orders of magnitude below the lower limit for UVLGs
(Gil de Paz et al. 2007).
Figure 12 compares the luminosity and surface brightness of
galaxies in theGALEXUltraviolet Atlas of Nearby Galaxies (Gil
de Paz et al. 2007), including some nearbywell-known starbursts
and BCDGs, with the normalized distribution of the entire sam-
ple. The range in log L1530 for 14 starbursts from the atlas (not all
shown in the figure) is from 8.2 to 10.5, and for 10 BCDGs in the
atlas the range is 7.3Y10.3. The boundary forUVLGs is log L1530 ¼
10:3. In surface brightness the starbursts range from log I1530 ¼ 6:2
to 9.1,while the BCDGs range from6.6 to 8.7. TheCartwheel gal-
axy, AM 0644741, and UGC 06697 are three starburst galaxies
TABLE 2
Comparison of Galaxy Properties
Parameter Large UVLGs
Compact UVLGs
(I1530 > 10
8 L kpc2)
Supercompact UVLGs
(I1530 > 10
9 L kpc2) LBGsa
Number......................................... 110 105b 35b . . .
log L1530 (L) ............................... 10.3 to 11.2 10.3 to 11.0 10.3 to 10.9 10.3 to 11.3
log I1530 (L kpc2) ..................... 6.0 to 8.0 8.0 to 10.3 9.0 to 10.3 9 to 10
log R50;u (kpc).............................. 0.9 to 1.6 0.5 to 0.8 0.5 to 0.4 0.0 to 0.5
logM (M) ................................. 10.3 to 11.7 9.2 to 11.0 9.0 to 10.7 9.5 to 11.0
A1530 ............................................. 0 to 5 0 to 2.5 0 to 2 0 to 3
log SFR (M yr1)....................... 0 to 1.5 0.2 to 2 0.5 to 2 0.5 to 2.5
log SFR/M (yr1) ....................... 11 to 9.5 10.5 to 8 9.3 to 8 9 to 8
FUV  r....................................... 1.0 to 3.5 0.2 to 2.8 0.2 to 1.7 0.2 to 2.2
12þ log (O/H)c ........................... 8.6 to 9.3 8.5 to 9.2 8.2 to 8.9 7.7 to 8.8
12þ log (O/H)d ........................... 8.4 to 8.9 8.2 to 8.8 8.1 to 8.8 8.2 to 8.6
a Properties for LBGs are taken from Shapley et al. (2001), Erb et al. (2006b), Papovich et al. (2001), Giavalisco (2002), and Ferguson et al.
(2004).
b The supercompact UVLGs are a subset of the compact UVLGs; i.e., the compact UVLG sample includes the 35 supercompact UVLGs.
c Metallicity determined using the Tremonti et al. (2004) technique.
d Metallicity determined using the N2 technique (see Pettini & Pagel 2004; Erb et al. 2006b).
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that are also local examples of largeUVLGs. Figure 12 shows that
while some local galaxies have high FUV surface brightness and
others have high FUV luminosity, almost none have the combi-
nation of high luminosity and high surface brightness that would
qualify as a compact UVLG. The exception is VV 114, which is
the nearest known Lyman break galaxy analog (Grimes et al.
2006). Compact UVLGs, and especially supercompact UVLGs,
clearly have extreme properties when compared to local galaxy
populations.
6. CONCLUSIONS
We have used GALEX and the SDSS to identify and study the
most UV-luminous galaxies in the local universe. Our main re-
sults are as follows:
1. The most UV-luminous galaxies in the local universe com-
prise a diverse group, with properties that are well correlated with
UV surface brightness.Although there is not a sharp transition, we
can use a surface brightness boundary of I1530 < 10
8 L kpc2 to
divide the UVLG sample into two groups: large and compact
UVLGs.
2. The large UVLGs are massive, metal-rich disk galaxies
with UV surface brightnesses only slightly larger than those of ty-
pical star-forming galaxies. They are similar to normal galaxies in
most respects but are very luminous primarily because of their
large size.
3. The compact UVLGs are low-mass, relatively metal-poor
systems that often have a disturbed or interacting morphology.
The high UV surface brightness and high specific star formation
rate in these compact UVLGs indicates that intense star forma-
tion is ongoing.
4. It is possible to isolate a sample of local LBG-analogs with
UV surface brightness criterion of I1530 > 10
9 L kpc2. The gal-
axies in the resulting sample have many properties in common
with LBGs, including luminosity, mass, star formation rate, spe-
cific star formation rate, extinction, and metallicity.
5. Compact UVLGs stand out from the trends established by
the full DR3/GR1 sample in that they have much smaller sizes
and higher surface brightness than would be predicted for gal-
axies of their mass or luminosity. They have metallicities that are
generally lower by a factor of 2Y3 compared to normal galaxies
of the same mass. These properties suggest that they are a dis-
tinct population of objects, perhaps at a different phase of evo-
lution than the bulk of the galaxies in the local universe.
6. The high UV luminosity and implied high star formation
rate of compact UVLGs distinguishes them from any previously
studied local galaxy population, including local UV-bright star-
bursts and blue compact dwarf galaxies.
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